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1. Inroduction

In the present paper we deal with weak solutions to the three-dimensional Navier—
Stokes equations

ow+divivev)—Av=f—-Vp, divv=0

in a bounded domain Q7 = Qx]0,T[ of the space R*. In [4] E. Hopf proved
the global existence at least one weak solution v to the first initial boundary
value problem with boundary condition v|sox[0,r7 = 0 under quite general as-
sumptions on domain €, external force f and initial data v|t—o = a. In [5] his
results were discribed and the class of Hopf’s solutions was introduced. Corre-
sponding definition includes all main properties that essentially were proved by E.
Hopf. More precisely, a velocity field v is called Hopf’s solution if it belongs to
Lo (0,T; 3(9)) N L2(0,T; 3%(9)), is continuous in ¢ € [0, 7] in the weak topology
of Ly(£2;R?) and satisfies the integral identity

/(v(t)—a)-wdm—i— / (Vv:Vw—v®v:Vw—f-w)deds =0
Q

Q:=0x]0,t[

for all ¢ € [0,7] and for all w € 3%(9) No information on the pressure p is
given. Here 7 (2) is the Lo(£2; R3)-closure of the set of all smooth solenoidal fields
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vanishing near 92 and 35 () is the closure of the same set with respect to the
Dirichlet integral. These solutions have two other properties: they are continuous
at t = 0 with respect to the strong topology of Ly(£2;R?) and for them the energy
inequality

/|v(x,t)|2dx+2/|Vv|2dxds§/|a|2dx+2/f.vdxds
Q Q1 Q Q1

holds for all ¢ € [0,T]. Here and in what follows it is assumed that a € 3 (©) and
[e]
f € Ly(0,T; J51(Q)).

In [5] (more detailly in [6]) the author expressed her confidence that the class
of Hopf’s solutions is too wide in the sense that the uniqueness theorem is not
valid in it. In [7] this was confirmed by examples. In [5], [6], [16] and others
various conditional theorems on uniqueness and smoothness of Hopf’s solutions
were proved if some additional information about them is known. For example, it
was proved that finiteness of the quantity

ess max lv(2)]
z=(z,t)€Q'CQr
implies smoothness of v in spatial variables (but not in ¢!).

In [5] (see the last section of Chapter VI) the following unconditional result was
proved. Supposed that 0 = R3?, i.e. the Cauchy problem is considered, and a = 0.
Then any Hopf’s solution has derivatives d; v and Vv in L 5 (Qr). Moreover,
there is a pressure field p with Vp from L% (Qr) such that the Navier—Stokes
equations are satisfied a.e. in Qr. It was remarked there that this statement is
valid for the first initial boundary value problem as well (of course, under relevant
initial data). The proof is based on L,-estimates for solutions to the nonstationary
Stokes equations. Such estimates were obtained in [5] for the Cauchy problem
and formulated there for the first boundary value problem as the result of K. K.
Golovkin and V. A. Solonnikov. A proof was published in [3], [17]. However, as it
was remarked in [5] this unconditional result is too weak to get uniqueness in the
class of Hopf’s solutions.

Now, let us explain how the exponent % occurs. For Hopf’s solutions, the
energy norm

tlar = essmax [v(®) 2+ [Vollor

[e]
is finite. On the other hand, for any functions u € W(Q), @ C R3, or, for any
functions u € W3 () with [udz = 0, the multiplicative inequalities
Q

lullee < B@IV ullgallullz g (1.1)

are valid with ¢ € [2,6] and o = 3(% —1). They are very important for investigation
of smoothness of solutions to PDE’s. The first of them were found out specially
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for the investigation of solutions to the Navier—Stokes equations (see [8], [5], [9]
and others). In what follows we often use some consequence of (1.1) for functions
u, belonging to the Sobolev class W4 on balls B(xg, R),

l—a

1
el pro.ry < B1(a) (17 03 a3 5y + 7 0

2»B(I07R)) (12)

It is valid for the same values ¢ and « as in inequality (1.1).
With the help of (1.1) it is proved that for all functions v, vanishing on 9 x
[0, T or satisfying the identity [wv(x,t)dx =0 for t €]0, T, the inequality
Q

T
1
ollanar = ([ o®l;0d)" < Cilolar (13)
0
holds if . 3 3
42> = .
Sty 2 TERol a2

In turn, with the help of (1.3) one can estimate the nonlinear term (V v)v in the
Navier—Stokes equations. More precisely, we have

1V ellerar < CallVollageliol 2 g, < Cilolh, (1.4)
if s and [ satisfy the conditions
1 3 3
Sy >0 1e,2, [1,—] 1.
; + 5 = €[1,2], se 5 (1.5)

5

In particular, exponents s = | = 7 satisfy the last conditions. For this reason they
were taken in [5] to prove that functions |9;v|, |[V2v| and |Vp| belong to Ls(Qr).

In [2], [11] the theorem on unique solvability of the first initial boundary value
problem for the Stokes system was extended to the case of spaces Wf ’ll(QT) X
Wsl”lO(QT) with two different exponents s,! €]1,00[. Using this theorem, bound
(1.4) and arguing as in [5], one can make the following conclusion.

Theorem 1.1. Assume that our bounded domain € is of class C?. Suppose,
in addition, that f € Ls;(Qr;R3) with numbers s > 1 and | > 1, satisfying
conditions (1.5). Then any Hopf’s solution to the first initial boundary value
problem for the Navier-Stokes equations has derivatives Oyv, VZv, belonging to
the space L (Qs1), where Qs = Qx]6, T[ with any ¢ €]0,T[. Moreover, there
is a locally summable pressure field p with Vp € L 1(Qs 1) such that the Navier—
Stokes equations hold a.e. in Qr. The pressure field p itself is an element of
L s 1(Qs.1) for any 6 €]0,T| provided that

3

/p(x,t) der =0, t€l0,T].
Q
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Described here additional information about weak Hopf’s solutions is still un-
sufficient to prove the uniqueness theorem but it turns out to be helpful for the
analysis of their partial regularity.

V. Scheffer began to study such regularity for some classes of weak solutions
to the Navier—Stokes equations. He assumed that weak solutions possess some
additional properties. The main one is the so-called local energy inequality. Con-
sidering the case 2 = R3 and f = 0, he proved in [13] that for any solution v and
p, satisfying his additional assumptions, the velocity field v is continuous on an
open subset of Q7 and the two-dimensional Hausdorff measure of its compliment
is finite. He also showed that among of weak solutions to the Cauchy problem
there exists at least one solution with these additional properties. In [12] Scheffer
studied Leray’s weak solutions v of the three-dimensional Cauchy problem for the
Navier—Stokes equations. He proved that the one-dimensional Hausdorff measure
of the sets S(tx) C R? of discontinuities of v is finite. Here ¢; belongs to so called
Leray’s set of time moments when liminf, ., _o ||V v(t)||2,rs = co. In [12] the au-
thor used the invariance of the homogeneous Navier—Stokes equations with respect
to a certain changing variables z, ¢ and functions v, p. In [14] V. Scheffer consid-
ered an other class of weak solutions to the first initial boundary value problem
for the Navier—Stokes equations in a bounded domain €2, assuming that f = 0.
He proved that among of such weak solutions there exists at least one solution v
such that curlv is continuous on an open subset of Q7. He also showed that the
Hausdorff dimension of the compliment of this subset is not more that %

These investigations were continuied by L. Caffarelli, R.-V. Kohn and L. Niren-
berg. In [1] they introduced the notion of suitable weak solutions. They call a pair
v and p a suitable weak solution to the Navier—Stokes equations if v has the finite
energy norm, p belongs to the space L% (Qr), v and p are weak solution to the
Navier—Stokes equations and satisfy the local energy inequality. It was proved
by them that in fact p € L 55 (Qr) at least locally in Qr. They showed that if

[ € Ly(Qr;R3) with ¢ > %, then, for any suitable weak solution v and p, there is
an open subset of Q7 such that v is locally bounded on it and the one-dimensional
parabolic Hausdorff measure of the compliment of this subset is equal to zero. In
the same work they proved that among of weak Hopf’s solutions of the first initial
boundary value problem there exists at least one suitable weak solution v and p
with p € L%& (Qr). This corresponds to s =1 = % in Theorem 1.1.

In contrast to Scheffer’s method their analysis of regularity is local, i.e. L.
Caffarelli, R.-V. Kohn and L. Nirenberg proved some criteria for local regularity
of v (more precisely, local boundness). Having them in hands, they established
partial regularity and estimated the Hausdorff dimension of the singular set.

In [10], for f = 0, F.-H. Lin defined suitable weak solutions, assuming that p
belongs to L (Qr). This corresponds to s = g, ! = 2 in Theorem 1.1.

To guarantee the existence of sutable weak solutions among of weak Hopf’s
solutions one should choose a proper class for the pressure. The choice is described

by Theorem 1.1. It remains to show that in selected class there exists at least one
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solution satisfying the local energy inequality. This could be done with the help of
an appropriate regularization of the initial boundary value problem (for example,
as in [1]).

We are going to use the same class of suitable weak solutions as F.-H. Lin,
i.e., in our considerations it is assumed that p € L 3 (Qr). In the case calculations
become shorter. But in the last section we describe changes in our constructions
for the class of suitable weak solutions studied in [1].

The main purpose of the present paper is to prove that, for any suitable solu-
tion v and p, there is an open subset of Qr, where the velocity field v is Holder
continuous in z = (z,t) and show that the one-dimensional Hausdorff measure of
the compliment of this subset is equal to zero. We assume that the external force f
belongs to some parabolic variant of the Morrey space, containig L,(Qr; R?) with
q > g Our considerations are local. More precisely, as in [1] we prove various
criteria whether a point z € Qr is regular or not. We call a point z € Qr regular
if the velocity feild v is Hélder continuous in some neighborhood of the point z.
It differs from the definition given in [1], where boundness of v is required for
regularity of z. The main criterion coincides with the main one in [1] for local
boundness.

Our proof of the main criterion is splitted into three parts. In the first part
we give a criterion for local Holder continuity of v, using a blow-up procedure for
a proper excess. This part is similar to the approach developed for investigations
of partial regularity for generalized solutions to elliptic and parabolic systems,
but the equation dive = 0 and the presence of the pressure have required some
special corrections. The methods of this part are applicable to other systems
for divergence free fields, in particular, to the three-dimensional modified Navier—
Stokes equations (see [15]).

In the second part we improve our preliminary criterion with the help of a
special scaling. It was also used in [12], [1], [10] but in a different way. Then,
in the third part, we get the final criterion of local regularity of suitable weak
solutions. In this part we make use of some interesting observations made in [1]
and [10]. It seems to us that our way is shorter than in [1] and more transparent
than in [10].

2. Notation and main results

We denote by M? the space of all real 3 x 3 matrices. Adopting summation over
repeated Latin indices, running from 1 to 3, we shall use the following notation

u-v =y, |ul=Vueu, u=(u) €R3 v=(v;) € R
A:B=trA*B = A;By, |Al=VA:A,
A* = (Ay), trA=A;, A= (4A;) eM? B=(B;)eM?
u®v = (uw;) € M?,  Au= (Aju;) €R3, wu,ve R AeM>.
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Let w be a domain in some finite-dimensional space. We denote by L, (w; R™)
and W} (w; R™) the known Lebesgue and Sobolev spaces of functions from w into
R™. The norm of the space L,,(w;R™) is denoted by || - |lm.w- If m = 2, then we
use the abbreviation || - | = || - |lm,w-

Let T be a positive parameter, 2 be a domain in R”. We denote by Qr =
0x]0, T the space-time cylinder. Space-time points are denoted by z = (x,t),
zo = (xo, o) and etc.

For summable in Q1 scalar-valued, vector-valued and tensor-valued functions,
we shall use the following differential operators

ov ov

Vi =

Ev s a_xiv

divv:vi,i, divr = (Tij,j)7 Au:diVVu,

ath = vp == (p,i)y vu = (u1,3)7

which are understood in the sense of distributions. Here x;, i = 1,2, 3, are the
Cartesian coordinates of a point € R3, and ¢ €]0,T[ is a moment of time.
For balls and parabolic cylinders, we shall use the notation

B(zo,R) = {z € R® || |z — 20| < R}, B(#) =B(0,0), B=B();
Q(z0, R) = B(xo, R)x|to — R, to], Q) =Q(0,0), Q=0Q(1).

Various mean values of summable functions h, p and v are denoted as follows

to
0 1
hdt = — / hdt,
f =g
to— R?

= = 1 X X
Pl = pedr= e [ e

B(zo,R)

1
z0,R = dz = —— dz.
()z0.r 7/Q<ZO,R>” ‘=0 / vz

Q(z0,R)

We are going to use a “parabolic” variant of Morrey’s spaces. Given domain w
in R? x R and positive number v, we define the space

M (w;R?) = {f € Lz,loc(w?Rg) | ey (f;w) < +o0}.

Here

1 2
et = { g (f Pa)’ o ew r> 0},

Definition 2.1. Let Q be a domain in R3 and T be a positive parameter. Suppose
that a function f satisfies the condition

f € M2y (Qri RY) (2.1)
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for some positive 7. We say that a pair of functions v and p is a suitable weak
solution to the Navier—Stokes equations in Qp if the following three conditions
hold. Fuctions v and p have the properties

v € Loo(0,T; La(SR?)) N Lo (0, T; Wi (9 R3)), 22)
2.2
pe L% (QT)v
meet the Navier—Stokes equations
ow+divivev) —Av = f—Vp,
¢ ( ) (2.3)
dive = 0,
in Q7 (in the sense of distributions) and satisfy the inequality
/ (e, £) 26 (2, £) da + 2 / IV o2 da dt’ <
@ Qe (2.4)

< /{|v|2(8tqb+ A@)+ (|v>+2p)v- Vo +2f - vp} dudl’
Qt
for a.a. t € [0, T] and for all non-negative functions ¢ € C§°(Qr).

Our aim is to prove the following fact.

Theorem 2.2. Let v be an arbitrary positive constant. Let {Q, T, f,v,p} be an
arbitrary collection, satisfying Definition 2.1 with this constant . There is a
positive number €., depending only on ~y, with the following property. Assume that
for a point zg € Qr the inequality

1
lim sup — 2 . 2.
lim sup - / [Vo["dz < e.() (2.5)
Q(z0,R)

holds. Then zy is a regular point, i.e. the function z +— v(z) is Hélder continuous
in some neighborhood of the point zg.

Remark 2.3. It follows from Theorem 2.2 that the one-dimensional parabolic
Hausdorff measure of the set of singular points is equal to zero and thus its
parabolic Hausdorff dimension is not greater than one.

For details we refer the reader to the paper [1].
We shall work with the following functionals:
Y(z0, R;v,p) = Y1 (20, R; v) + Y2 (20, R; p),

1

Y1 (20, Ryv) = <][Q( R)|v — (v)ZO,R|3 dz) 3,
Z0,
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2

P~ [pleo sl d2)

Yo(z0,R;p) =R (][

Q(z0,R)

U(z0, R;v) = R|(V) 2.1,

1 2
Y (20, R;v,p) = <][ lv[® dz)3 —|—R<][ |p|% dz)S.
Q(z0,R) Q(z0,R)

The proof of Theorem 2.2 is divided into three parts. At first, we prove Lem-
mata 2.4 and 2.5.

Lemma 2.4. Suppose that numbers 0, M,~, 3 are chosen so that
1
O<0§§, M>3, 0<pB<vy (2.6)

and fixed. There are positive numbers €1 and Ry, depending on 0, M,~,3 only
and having the following property. For each collection {Q,T, f,v,p}, satisfying
Definition 2.1 with fized above number ~y, and for each cylinder Q(zo, R), satisfying
the conditions
Q(z0,R) € Qr, 0< R < Ry,
U(zg, R;v) < M, (2.7)
Y (20, R;v,p) + ¢y (f; Q1) RP < 1,

the decay estimate

Y (20,0R;v,p) < 10 (Y(zo, R;v,p) + ¢y (f; QT)R[}), (2.8)
1s valid. Here o = % and a positive constant ¢1 depends on M only.
Lemma 2.5. Let numbers 0, M,~, 3,31 be taken so that

M>3, 0<Bi<B<y, 0<p<ai, (29)

a1—-01

0<9§%, a(MeT= <1 (2.10)

and fized. Assume that we are given an arbitrary collection {Q,T, f,v,p}, satisfy-
ing Definition 2.1 with above fixed v, and an arbitrary cylinder Q(zo, R), satisfying
the conditions

Q(20.R) € Qr, 0< R < Ri(0,M,~,0),
U (20, Rv) < &,
Y (20, Riv,p) + ¢y R <&1=51(0, M,~, 3, 51) = (2.11)

_ S . €1 9%(1—961)]\4
= (=05 min {5 =5 — 5}
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where ¢y = ¢ (f;Q1), and €1, Ri are numbers of Lemma 2.4. Then, for any
k=0,1,2,..., the inequalities
WU (z0,0%R;v) < M,
Y (20,0 R;v,p) + ¢ (0¥ R)P < &1, (2.12)
@1—B1

Y (20, 0" Ry v, p) < 0B (1 — 072 )71 (Y (20, Ry v, p) + ¢y RP)
hold.

From Lemma 2.5 we deduce some auxilary criterion of local regularity and
complete the first part of the proof of Theorem 2.2.

Proposition 2.8. Let {Q, T, f,v,p} be an arbitrary collection, satisfying Defini-
tion 2.1 with a given number v > 0. There are numbers g and Ry, depending on -y
only and having the following property. Suppose that for a point zy the conditions

Q(Zo,R) c QT, 0< R< Ro(’}/), }
Y (20, B;v,p) + ¢y (f;Qr) R? < e0(v)

hold. Then the function z — v(z) is Hélder continuous in some neighborhood of
the point zg, i.e. zg is a reqular point.

(2.13)

Remark 2.7. The exponent of the Hélder continuity with respect to the parabolic
metrics )
d(z,2") =z — 2|+ |t -1|?

s 1 .
can be taken, for instance, as 5 min{aq,v}.

The second part of the proof of Theorem 2.2 is based upon a special invari-
ant structure of the Navier—Stokes equations that leads to some improvements of
Proposition 2.6. As a result, we have the following criterion of local regularity.

Proposition 2.8. Let {Q,T, f,v,p} be an arbitrary collection, satisfying Defini-
tion 2.1 with a given numbers v > 0. Suppose that zg € Qr and

0(MRo(v)

< (2.14)

lim PianfOR?(zo, R;v,p) <&o(y) =
Then zg is a regular point.

In the last part of the proof of Theorem 2.2 we show how the main result follows
from Proposition 2.8.

Proposition 2.9. Let {Q, T, f,v,p} be an arbitrary collection, satisfying Defini-
tion 2.1 with a given numbers v > 0. Then there is a number ¢, depending on -y
only, such that (2.5) implies (2.14).
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3. Proof of Theorem 2.2. Part I

Proof of Lemma 2.4. The lemma is proved by contradiction. So, assume that
there are numbers 0, M, v, 8, satisfying conditions (2.7), sequences of collections
{0, Ty f™, 0™, p™}2°_ 1, satisfying Definition 2.1 with the constant v, and cylin-

m=1
ders {Q(z™, Ry,)}2°_, such that:
Q(z™, Rm) € Q%,, = Uy x]0,Tin[, R — 0,
Y (2™, Ry 0™, p™) + dyy R, = £,, — 0, (3.1)
( m eR /n’l ) Z cleal 67”7

as m — +o00. Here d, = ¢, (f™;QF ) and constants c¢; and a; will be chosen in
an appropriate way to obtain the contradiction. We now consider the scaling

x—a™ = Ryy, =€ B(E™ Rn), y<B=B(0,1)
t—tm = R:s, t€lty — R2, tm[, s€]—1,0[;

w™(e) = (V™(2) = (V" )am R, )ent s @™ (e) = (07(2) = [P ]am R, (8)E0, Rins
gm(e) = fm(z)7 €= (y,S)EQEBX]—l,O[,

and get after changing the variables

emVyw™(e) = Vv (2) R, emv%m(e) = Vzvm( VR?
EmOsw™(e) = O™ (2) R V,q"(e) = Vop™(2)R2,,
0 S

(™)1 =0, [¢"]a ()—0 €]-1,0,
1

—Y1(z™,0R,,;0™) = Z77(0) = <][Q(€)|wm — (wm)79|3de>§,

E€m

1 3 2
SV O™ = 270 = 0(4 jam gl de)
Q(0)

67”

zm0) = Z7"(0) + Z3°(0) = c10™,
3 z 8 3.9
Zm (][ |wm|3 de) 4 (f |qm|gd€) + dmRm - 1. ( . )
Q Em
Here and in what follows we abbreviate

(U),e = (U)o,e, [p],e = [p]o,e-

Next, changing the varaibles in the integral identity, corresponding to (2.3),
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gives us the relation

/(_ m au_ mAu)de:

Q

— [ {0 ® Rna™) sVt R (" @ 0™ s Yt (3.3)
Q

2
+qmdiv u}de +

R
m m m _— (,m

— [ ¢"-ude, o™ = ("), R,
v

677

It is valid for all u € C§°(Q; R?).
By (3.2), after passing to subsequences (still denoted by the same symbols) it
may be assumed that:

w™ —w in L3(Q;R3),
¢" —q in Li(Q:R%), (3.4)
(w),l =0, [(]]’1(3) =0, s 6]_170['

Let us introduce functionals
1
(f  w-wapde),
Q(0)

Z5(0) = H(f |q—[q]79|%de)3
Q)
We see now, by (3.2) and (3.4), that:

7/|w|3de ][|q|2de <1 (3.5)

According to the definition of the quantity d,, and (3.2) we have

Z(0) = 21(0) + 22(0),  Z1(0)

N

3 R 3
; ]f grPde) = 22 rps) <
m m Q(z™,Rm) (36)
RY R2 _ dmen RIBP<R—B 0
Em Em " -

as m — —+oo. Since
|Rim| = (2™, Ry ™) < M, (3.7)

without loss of generality it may be assumed that:
Rmam — b in R® and [b] < M. (3.8)

So, it follows from (3.3)—(3.6) and (3.8) that functions w and p satisfy the linear
system of PDE’s with constant coefficients
Osw+diviw®d) —Aw = —Vq,} im0

divw =0 (3.9)
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in the sense of distributions. The same arguments as in the case of the Stokes
system allow us to claim that w is Hélder continuous in the closure of the cylinder
Q(%) and, moreover, the estimate

[w(e) = w(e)| < esu(M)(ly —o/| + s = ')
holds for any e € Q(3) and any e’ € Q(3). The latter leads to the bound
Z1(0) < ca2(M)65. (3.10)
Now let us discuss compactness of the sequence {w™}2°_;. For any function
u € C&(O,T;I/?/%(B;RB)), we derive from (3.3) the estimate (see (3.2), (3.7) and
(3.6))

—/wm-asude = /{wm-Au—i—(wm@Rmam):Vu—l—qmdivu—l—

R2
+emBRm(w™ @uw™) : Vu+ —2g™ - u} de <

m
< 033(M)||u||L3(0,T;W22(B;R3))'

It says that:

{O.w™}s_, s bounded in L3 (0,T; (W3(B;R*))). (3.11)

m=1

Energy inequality (2.4) for v™ and ¢™ gives the following relation

/|wm(y,s)|2¢(y,s) dy + 2 / |V w™*¢dyds’ <
B Bx]—1,s[

< / {|wm|2(85 &+ A o) + Rn|w™2(a™ + ™) - V 6+ (3.12)

Bx]—1,s[
2

+q"w™ - v¢ + R_mgm . w7n¢} dy ds’.

67”

Inequality (3.12) holds for a.a. s €]—1,0[ and for all non-negative functions ¢ €
C5°(Q). Recalling (3.2), (3.6) and (3.7), we deduce from (3.12) the estimate
ess  sup me(s)H%(%) + HVmeé(%) < e (M). (3.13)
s€]—(1)%,0[
Bound (3.13) together with the known multiplicative inequality yields another

important estimate

™o sy < cha(M). (3.14)

Now, by (3.11), (3.13) and (3.14), a subsequence (still denoted by the same symbol)

exists such that: 5
w™ —w in Lg(Q(Z);R?’) (3.15)
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and, therefore,

zZ7(0) — Z1(9).

But then (3.2) and (3.10) imply the estimate

10 < hmm—>+oo Z{“(Q) + lim infm—>+0<> Zén(e) < } (3 16)

< e32(M)03 + liminf,, 4o Z5(0).
Let us insert u = xV ¢, where ¢ € C§°(B) and x € C§°(0,1), into (3.3). Then,

by arbitrariness of y, by divw™ = 0 and by the definition of the space I/?/%(B), we
obtain the identity

R2
2 [ 05)  Vag)dy+ Roneon [07(0,9) 9 0™ (3:5) : Vay)dy—
B (3.17)
= —/q”‘(y,s)A q(y) dy.

B

[e]
It is valid for a.a. s €]—1,0[ and for all ¢ € W3(B).
One may represent the pressure ¢ as the sum
" =q" + "
Here ¢} (s) satisfies the identity
R2

— /gm(y, s): Vq(y) dy+Rm€m/wm(y, s)@w™(y,s) : Vq(y)dy =

Em

B B (3.18)
_ / 4" (4, 5)A qly) dy

B
for all ¢ € W2(B) N IX/%(B) and the function y — ¢5*(y, s) is harmonic in B, i.e.
Agy'(s)=0 in B. (3.19)

It is known that for the solution of the boundary value problem

Aq(s) = |gn(s)|2sign{qg?(s)} in B,
q(s) = lai"(s)|2sign{q;"(s)} (3.20)
q(s) =0o0n 9B,
the estimate
las)lls,5 + IVa(s)lls.8 + IV?a(s) a8 < csslla" ()15 (3.21)

)

holds. Here ¢35 is an absolute positive constant. Now, let us insert this ¢(s) into
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identity (3.18). Then relations (3.20) and bound (3.21) give the inequalities

m||3 Q < Cé’m m5m<][ |wm|3de> +_(f |gm| de) :|

< (see (3.2) and ( )) (3:22)

llq

< Cé5 Riem + R;Yn_ﬁ} — 0 as m — 4o0.

Next, we have

200 <o[(f lar—laloftae) + (f o tarlolioe) ]

By (3.22),

2
lim sup Z3*(f) <lim sup H(f lg5 — [qgn],9|%de) °
Q(0)

m— 00 m—00

Combining the last inequality with (3.16), we get

2
16" < (00t + tim sup 0(f (o~ fapolae) " (3.23)
Q(0)

m—0o0

Harmonicity of the function y — ¢3*(y, s) (see (3.19)) leads to the estimates

| qm( 8) m | _ ) ][ m o qu( ))
Y, B(©) Yy,s
<0V ay'(s )IIOO,B@ < cz60ll95" (3) |3,

where c3g is an absolute positive constant. So, we have

. \3
9<f |qm _ [qgl]7€|§de)
Q(0)

/ p2
< 3603 Hqng%,Q
< (see (3.2) and (3.22))

0

, 93+%
et (T / oo |2ds) <

chat (quns o+lallse) <

2

IN

(3.24)

VAN VAN

03793 .

Here c37 is an absolute positive constant. Now from (3.23) and (3.24) we conclude
that:

10 < (C32(M) + 037)9%.
To obtain the contradiction it is enough to take
Cl(M) ZQ(ng(M)—ﬁ-C:W), o] = —.

Lemma 2.4 is proved.
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Now let us establish a simple relation between functionals ¥ and Y;. For
0 <6 <1, we have

1
|(U)ZO,R - (v)20,93| < 6_§Y1 (207 R; ’U).

But then
= ,
[(0) 20,00 R| < |(V)z0,R] + s > Yi(z0,6'R;v)
i=0

and, therefore,

gF R 52

\I/(Z(%ekR; ’U) < 0

Y1 (20,0 R;v) 4 0¥ (20, R; v). (3.25)

lor
M1

«
I
=

Proof of Lemma 2.5. The lemma is proved by induction on k. Suppose first that
k = 0. We have

Y (20, R;v,p) + cvRﬁ <z <(1- 0%(“_61))% < €.
So, all conditions of Lemma 2.4 are fulfilled and thus we obtain
Y (20,0R;v,p) < 02150 (6,03 (1=0D) (Y (2, R; v, p) + ¢, R?) <
< (see (2.10)) < 9%(0‘1+’31)(Y(20,R;v,p) + c,YR’G).

Hence, for k = 0, all statements (2.12) of the lemma are proved.
Now we assume that, for s =0,1,..., &, the following inequalities hold

U(zp,0°R;v) < M,
Y (20,0°R;v,p) + ¢y (°R)P < e, (3.26)

a1—-01

Y (20,0°1 ' R; v, p) < fs+1B (1-6"= )_1(Y(20,R;’U,p) + ¢y RP).

By (3.25),
9k+1R k )
V(2,05 R;v) < p D Yi(z0,0'R;v) + 00 (20, Riv) <
SR ——
Ry 1 €1 M
- — <
<9§1_9511_9a1gﬁ1+2—
R 1 1 aro  05(1—0°YM M
< —_— — 2 B _— = .
_9§1—6511_9“1T‘ﬁ1(1 0 ) Ry 2+2 M
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The third relation in (3.26) and (2.11) yield
Y (20,0 R0, p) + ¢y (05T R)Y <
g(k+1)51

— a1—PB1
1—-60"z

< gD (Y(ZO’R;U’p) el . Rﬁ> <

(Y (20, R;v,p) + ¢y R®) + ¢y (0FT'R)P <

1— 0“1;[51
; &)
< 9(k+1)ﬁ12Y(ZO,R,vafl)j;lcyR o
1—-0—=—

Taking into account the last two inequalities, we observe that the cylinder
Q(z0, 0"+ R) satisfies all conditions of Lemma 2.4 and, therefore,

Y (20,0"*2 Ry v,p) < 0349 (Y (20,047 Ry, p) + o5 (01 R)?) <
(k+1)p1 Y(Zo, R; 'U7p) +cy R
1- 6=
g3 (a1+61) g(k+1) 61 (Y(Zo, R; v7£):; Cy R’ + ¢y Rﬁ) =
1—607=
— pkt2)p1 g5 (Y(Zt),R%v’fl)_Jﬁrle R’ te, RB) <
1—6"=2
1

Py (Y(ZO,R;v,p) +¢ Rﬁ).
- 2

IA

g5 (a1+p1) (0 + ey (0T R)P) <

IN

< 9(k+2)61

Lemma 2.5 is proved.
Let us formulate two consequences of Lemma 2.5.

Lemma 3.1. Suppose that all conditions of Lemma 2.5 hold. Then a positive
constant css = csg(0, B1) exists such that

Y (2o, p;v,p) < ng(%)ﬁl (Y(zo, R;v,p) + ¢y Rﬁ) (3.27)

for all p €]0, R].

Proof. For an arbitrary number p €]0, R], we choose a non-negative integer k so
that:

— )

9k+1<£<9k
R
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where 6 is the number of Lemma 2.5. Then we have

1
Y (20, p;0,p) < (f v — (U)zo,ekR|3dZ> s
Q(Zo,p)

2
3 3
HOuorn = @l +0(f o= layarnl?dz)” +

Q(z0,p)
2
3 2
+p(f |[p]I0,0kR - [p];r;o,p|2 dZ) ? S
Q(z0,p)

chs(0)Y (20,0 R v, p) < (see (2.12)) <
1

1 — @3(aa—p1)

1 P B1 1

’ P L ) 3

S 638(6)(0R) 1_9%(‘11_61) (Y(ZQ,R,U,p)+C'yR )

Lemma 3.1 is proved.

IA

< chg(0)0%5 (Y(zo, R;v,p) + ¢ Rﬁ) <

Lemma 3.2. Let {Q,T, f,v,p} be an arbitrary collection, satisfying Definition 2.1
with a given number v > 0. There are positive numbers g, Ry and c39, depending

on 7y only and having the following property. Suppose that for a point zg conditions
(2.13) are fulfilled. Then

B1(v)
Y(Zm P5 ’U,p) S C39 (%)

for all p €]0, R]. Here $1(v) = 4 min{oq,~}.

(3.28)

Proof. We let

M:37 525(7)2%7 eze(v)zmln{%,cl(&*ﬁ}

Obviously, numbers 0(v), M = 3, 5(v), £1(7) satisfy all conditions (2.9), (2.10) for
each v > 0.
We also have two simple inequalities

(2o, Ryv) < R(fQ(zo,R)Mg dz)% < RY (20, R;v,p) (3.29)
and .
Y (20, R;v,p) < 2Y (20, R; v, D). (3.30)
Now, let
Ro(y) = Ri(0(7),3,7, (),
co(1) = g min {7 1 (00).3.9.00). (1) . (331)
c39(7) = 2ess(0(7), B1(7)) €o(7)
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Assume that conditions (2.13) hold. Then from (3.29)-(3.31) it follows that

o

W (20, R;v) < RoY (20, R;v,p) < Roeo <
and
Y (20, R;v,p) + ¢y R < 2(?(20, R;v,p) + ¢,y R’G(V)> <

< 250(7) S 51(0(7)737775(7)751(7))

So, the set {Q,T, f,v,p}, numbers v, 0(y), M = 3, 5(y) and [1(y) satisfy all
conditions of Lemma 3.1 and, by (3.27), we get

INA
Q
w
¢
—
>
—~
=2
N
)
=
—~~
=2
N
N
/

< ess(0). 1) (2)" 220,

Lemma 3.2 is proved.

Proof of Proposition 2.6. Since the function z +— Y (20, R;v,p) is continuous, a
neighborhood O(zg) of the point zg exists such that

Q(z,R) € Qr, 0< R < Ry(y),
Y(z, Ry v,p) + ¢, (f;Qr) R*™) < e0(7)
for all z € O(zp). By Lemma 3.2,
)51(7)

Y(z,p;v,p) < 639(7)(%

for all p €]0, R] and for all z € O(zp). A parabolic version of the Campanato
criterion completes the proof of Proposition 2.6. Proposition 2.6 is proved.

4. Proof of Theorem 2.2. Part II
It is easy to see that Proposition 2.8 follows from Proposition 4.1.

Proposition 4.1. Let {Q, T, f,v,p} be an arbitrary collection, satisfying Defini-
tion 2.1 with a given number v > 0. Let eo(7y) and Ro(7y) be numbers of Proposition
2.6. Suppose that, for a point zo, the conditions

Q(20,2R) = B(zo,2R) x]to — (2R)2, to + (2R)2[€ Qr,
0<R< %Ro(7)7 (4.1)
2R
Ry(v)

[Y (2, R;v,p) + ¢ (f; Q1) R%} <eo(y)
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hold. Then zg is a reqular point.

Proof. Let us change the variables in the following way

T — X9 t—to 2 -
y=——", s=-— +Ri(), 7=

vT(e) = Tu(2), pT(e)=71p(2), [T(e)=T3f(2),
where z = (z,t), e = (y,s). As a result, we have:

20 < €0, B(x0,2R) < B(Ro(7)), Q(z0, R) <~ Q(eo, 3Ro(7)),
Q(z0.2R) < Q(7) = B(Ro(7))x]0,2 R3(7)]; }
where eg = (0, R3(7));
dsv" (e) = T° 0w (2), V, v (e) = 7V, v(z),
ViuT(e) =°Viu(z), Vyp'(e) =7Vap(2).
It is easy to see that v™ and p” have the properties
VT € Loo(0,2R5(7); La(B(Ro(7)); R?)),
o7 € La(0,2R3(v); W3 (B(Ro(7)); R?)), (4.3)

pT € L3 (Q()),

satisfy the equations

0sv7(e) + divyv™ @vT — AyvT = fT =V, p7, (4.4)
div,v™ =0, '
in Q\(q/) and the local energy inequality
TP ewadyr2 [ o9, dyas <
B(Ro(v)) B(Ro(7))x]0,s]
< / {|v7|2(85¢+A¢)+(|v7|2+2p7)v7 -Vy o+ (4.5)
B(Ro(7))%]0,s]
+2f7 . UT¢} dy ds’
for a.a. s €]0,2R2(7)[ and for all non-negative functions ¢ € C§° (Q\(q/))
Now, let us show that:

e (f1QM) < 7 ey (f: Q). (4.6)

By the definition,

(@) =swl 7 (f Ra) 1 een Qo). 1> o)
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where
Qe ={e' =) | ly—yl<r, —r*<s-s<0}.
For
Q(z,7r) = {z’ =@ )| |Jz—2|<Tr, -T2t <t —t< O},
we have

Q(z,7mr) < Q(e,r), z=(z,t), e=(y,s), Qz,7r) € @(30,2]%),

and, therefore,

1 T2 / % 1 3 r|2 / %
= 1rra)’ = —( P f2a) <
r Q(e,r) r Q(z,17)

(Tr)17—2 (][Q( )|f|2 dz’) TSP (£Q0).

So, as it follows from (4.3)-(4.6), the set {B(Ro(7)),2 R3(7), f7,v7,p"} satisfies
Definition 2.1 with the given positive v > 0.
It is easy to check that:

(60, “Ro(y ),077PT> = 7Y (20, R;v,p).

The latter together with (4.6) implies the inequalities
= 1 . A Ro()\? _
Y (e0,5Ro(7)i07,07) + 0, (F7: QL ( )7 <
< [ (20, Bsv,p) + 77y (f; Q1) (
= T[?(ZQ,R;U,p)-FT%C’Y(f;QT) %} < eo(7)-

Since Q(eo, 3Ro(7)) € @('y), 2 Ro(7y) < Ro(7), we see that the set {B(Ro(7)),

2 R%(7), f7,v",p"}, the point eg and the number 1 Ry(v) satisfy conditions (2.13).
But then Proposition 2.6 says that the function e — v7(e) is Holder continuous
in some neighborhood of the point ey. Making inverse changing the variables, we
obtain that zg is a regular point. Proposition 4.1 is proved.

< 7

5. Proof of Theorem 2.2. Part III

The general line of our considerations in this section is the same as in Section
3 of [10]. Tt is based on bounds (5.1), (5.2) and (5.5). Inequality (5.1) concerns
arbitrary functions and is proved with the help of well known embedding theorems
only. It is in [1] and in [10] as well. We give here its proof only for the reader
convenience. For f = 0, inequality (5.2) and estimate (5.5) of the present paper
follow from inequalities of (3.18) and (3.19), presented in [10]. Here we give the
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complete proof of (5.2) and (5.5). We would like to remark that our proof of (5.5)
uses a decomposition of the pressure which differs from decompositions proposed
in [1] and [10]. It seems to us that our decomposition of p is more convenient. The
proof of Propostion 2.9 is standard but requires some calculations.

As in [10], for suitable weak solution v and p, we define the following functionals

1 1
A= s o [ pwoPd. o= [ VP
to—r2<t<tg r r
B(zo,r) Q(zo0,7)

1 1 3
C(r) = = / |v|3 dz, D(r)= =) / Ip|2 dz.
Q(zo,7) Q(zo0,7)

We have assumed that Q(zo,7) € Q7.
We start with the proof of two auxilary lemmata.

Lemma 5.1. Assume that Q(zo,p) € Qr. Then

3

"\3 s N3 s R
< — 2 — 4 4 .
o) < e [(5) AT0) + (1) A0 )] (5.1)
for all 0 < r < p. Here cs1 is an absolute positive constant.
Lemma 5.2. Assume that Q(z9, R) € Qr. Then

A()+ B(R) < e | CH(R) + CH(R)DE(R)+
+A3(R)CH (R)ES (R) + ch%vH)} ,

where ¢y = ¢,(f; Qr) and cs2 is an absolute positive constant.

Proof of Lemma 5.1. We have

[ owkde = [ (P = (oPheos) ot [ o<

B(zo,r) B(zo,r) B(zo,r)
2 2 r\3 2
< [v* = [[vl"]zg,p | dz + p |v]” dz.
B(zo,p) B(zo,p)

By the Poincaré—Sobolev inequality,

[ o = 0|t < s [ 19eiilas,

B(Il)vp) B(Il)vp)
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where cg3 is an absolute positive constant. So, we get

|v|2dx§053p< / |Vv|2dx) ( / |v|2dm> +

B(zo,r) B(zo,p) B(zo,p)

+(%)3 / ol d < (5.3)

B(zo,p)

IN
o
ot
w
)
N
b
=
—
s
~

o dsc)é +(2) v

B(zo,p)

Using the known multiplicative inequality, one can obtain

|v|3dx§c54[( / |Vv|2dx) ( / |v|2dx> +

B(zo,r) B(zo,r) B(zo,r)
1 3
+—3( / |v|2 dx) } < (see (5.3)) <
2
" B(zo,r)
3 3 9 4
< csaq pi A7 (p) |Vo|?dr ) +
B(zo,r)
1
]. 3 1 2 2
+—5 [cs3p2 A2 (p) |Vo|*dr ) +
r2
B(zo,p)
+(2) paw)| '} <
p
m\ 2 2
< C55{<;> A (p) + |Vv|2dm> [pi + p_3} Ai(p)}
r2
B(Io,p)

Next, we integrate the last relation in ¢ on ]tg — 72, o[ and establish

to

3 9 3

/|v|3dz§055{r2<%> Ag(p)—f—[pi—l-p—a}fli(p)/ dt( / |Vv|2da:> }S
ra

Q(zo,7) to—r? B(zo,p)
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y 2
i E]aton ([ wera) )<

and complete the proof of Lemma 5.1.

Proof of Lemma 5.2. Let us consider (2.4) for ¢t = ¢y and for a cut-off function ¢,
having the properties:

¢E 0 in Qto \Q(ZO7R)7

R

0<¢<l in Qr, ¢=1 in Qz,7),

¢ C .
Vol <5 000l + V20l < 25 in Qu.

Then (2.4) gives:

A(3)+26(5) <ar{im [ pPdrg [ [oF (0P| blde +

Q(z0,R) Q(z0,R)
2 1
1 B 3 3
+ﬁ(/ |p|§dz> (/ |v|3dz> +
Q(z0,R) Q(z0,R)
1 3 3
+E< / |f|2dz) ( / |v|2dz> }
Q(z0,R) Q(z0,R)
Since
1
& [ Pesdcim,

Q(z0,R)
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we obtain
A 2m(8) < cg7{o%<R> LOYRDIR+R [ |fPdet
Q(z0,R)
1
v [ [P 1oPleor] bl s} <
Q(20.R) (5.4)

C%(R) + C3(R) D3 (R) + 2R*0+1 4

e [ = (o) ] bl d2
Q(20,R)

A
Q
o
o)
—

For the last term on the right-hand side of (5.4), one can get

Sz [ ol = o] ol = <

Q(z0,R)

/ :
< / dt( / ‘|v|2—[|v|2]m0,3‘ dx)( / |v|3dx>.
to—R2 B(xo,R) B(zo,R)

By the Poincaré—Sobolev inequality,

([ |- toPla &) < [ 190llulas

B(zo0,R) B(zo,R)

Njw

and, therefore,

to

S < cs9 / dt( / |V v)? dm>2< / |v)? dx)z( / |v|3d33)3 <
to—R2 B(zo,R) B(zo,R) B(zo,R)
tO 1 1
< 5o R7 A% (R) / dt( / |Vv|2dx)2< / |v|3dx)3 <
to—R2 B(zo,R) B(zo,R)

1 to 3.2
gcng%A%(R)< / |v|3dz)3( / dt( / |Vv|2dx)4)3 <
Q(z0,R) to—R? B(zo,R)
< comitiaimet (| |W|2dz)2 <

Q(z0,R)
< cso R2A3 (R)CH (R)E* (R).

Now, (5.2) follows from (5.4), Holder’s inequality and from the last relation.
Lemma 5.2 is proved.
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It remains to find out an estimate for the pressure.

Lemma 5.3. Suppose that Q(zo,p) € Q. Then

D) < eno[SD() + (£) (41 @B )+l i) 65)

for all r €]0, p]. Here c510 is an absolute positive constant.

Proof. Arguing as in the proof of Lemma 2.4, we obtain the following identity for
the pressure

p(z, s)Aq(x)dx = / (v(ac, s)®@v(x,s) — T(S)) . V2 q(x) da +
B(zo,p) B(zo,p)

+ / f(z,5) - V q(z) dz

B(zo,p)
for all ¢ € I/ff%(B(:ro,p)) and for a.a. s €]0,T[. Here
T(s) = [V @ Vg, p(5).
We consider the decomposition
D = p1 + P2, (5.6)
where
/ pAgdr = / (v@v—r):Vqux—l— / f-Vaqdx (5.7)
B(zo,p) B(xo,p) B(zo,p)
for all ¢ € W2(B(xo,p)) N I/?/}))(B(xo,p)), and
Apy=0 in B(zg,p). (5.8)

o

Let us choose a test function ¢ = go € W%(B(xo,p)) N W3(B(zo, p)) in
(5.8) so that:

1. .
Aqo = |p1|?signp1 in B(zo, p).
As it is known the function qq satisfies the following estimate

(] wwa ([ e’

B(zo,p) B(zo,p)

+p_12( / |QO|3d$)%§0511( / |p1|gd$)%

B(wo,p) B(wo,p)
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with an absolute positive constant c511. From the last two relations and from (5.7)
it is easy to obtain the inequality

(/ il do) " < e / vou—rftds)’ + o / )],

B(zo,p) B(xo,p) B(xo,p)
It yields
3 3 3 3
([ mlitan)’ <du[ [ welpiaerp( [ Iftan)’] <
B(xo,p) B(xo,p) B(xo,p)
1 1
chw[( / |v|2dm)2( / |Vv|2dm)2+
B(wo,p) B(Il)vp)

i <][B(aco,/’)|f|% dx) %} :

< 51 [P%A%(P)( / [V ol? dﬂ?)% +/)3(]/ |f|2dx)%]
B(ao,p) B(zo,p)
The integration in t gives:
to .
|p1|%dz < ¢513 [P%A%(P) / dt( / |VU|2dx>4+
Q(z0,p) to—p? B(z0,p)

to

03 / dt(][B(xo,p)|f|2 dz ) %} < (5.9)

to—p?
3
< chia| 0P AT ()R (p) + p3 2 (7/ FPdz)"] <
, , s Q(z0,p)
< chigp? [ AR (B (p) + c p10)
From (5.6) and (5.9) it follows that:
3
/ pal? dz < cs110? [D(p) + AT () ¥ (p) 4 ¢ p3 4V (5.10)

Q(z0,p)

Since po is harmonic in B(zg, p), we have the estimate

1 3 1 3
) / Ip2]2 da < C515; / |p2]2 dx
B(zo,r) B(zo,p)

with an absolute positive constant cs15 and, therefore,

1 3 1 3
3 / |]?2|g dz < C515F / |p2|§ dz. (5.11)

Q(zo0,m) Q(z0,p)
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So,

[1 1
D(r) < csi6|— / Ip1|%dz+7n—2 / IpQISdZ]S

IA

)
(see (5.9)—(5.11)) <
16 :(g)z(A%(p)E%(p) + cvgp%”“)) +

2 (Do) + AT (B ) + 5 pE )|

IN

The latter leads to (5.5). Lemma 5.3 is proved.
Proof of Proposition 2.9. First we introduce
E(R) = A%(R) + D*(R).

Let 6 €]0, 1] and Q(zo,p) € Q7. We shall fix numbers 6 and p later.
For R = 0p, by (5.2),

A(300) < es2[C300) + CHO0)DA (0) +
+43(8p)CH (0p) B (09) + 2 (09)* 2

and thus

(30

1

es17|C(0p) + C*(0p) D(Bp)+
+A%(ep)c 2(0p)E1(0p) + ¢ (ep)z(w)} (5.12)
chir|C(0p) + A (99) B2 (0p) + D(8p) + 3 p* 0.

IN

| /\

We also have from (5.1) and from (5.5) for r = p that:

C(0p) < e51 [°A1 () + 7 AT () (o) (5.1)
and
D(Bp) < es10[D(p) + 75 AT (2)BR () + el pH0 )] (5.14)
Obviously,
AOp) < 2A(),  E(Op) < SE(p). (5.15)
Combining (5.12)—(5.15), we obtain the estimate
43(300) < esis[02D2(p) + 743 (0) + AT ()R )+
(5.16)

L+ B Etn (0 B)ap)
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On the other hand, relation (5.5) for r = 6p implies
1 0 2\2 3 3 2\2 3 3
D(=6p) < =D =) Ai(p)Ed ~) 2 pz (D 1
(5%) < es0[500) + (5) AL DB (o) +(5) it O] (57)
Taking into account that 6 €]0, 1], we derive from (5.16) and (5.17) the inequality
1 , 1 s
5(59;)) < (p) + (9 + 5B (p))A
3 3 1
ALP)E(p) + 7™ | <
(0) + (6" + 5: BH () A
1
+LEip)+ e o],

(SIS

A
o)
ot
=
©
>
[
2

(p)+

(5.18)

o

(p)+

N
o)
ot
)
=}
||
>
[
Uw

where c529 is an absolute positive constant. Without loss of generality we may
assume that cso0 > 1. It is easy to check that

ol

pY (20,p:0,p) < 521 (Clp) +E(p)) (5.19)

where c521 is an absolute positive constant.
Now, let us choose a number 0 €]0, 1] so that

1
cs200” < 1 (5.20)

and fix it. Having this number 0, we define ¢,by the identity
1 0 \3% Zo(7)6? )2[ 243 -3
£.(7) = = min : 2% —) n 1} } 5.21
(’Y) 2 { (40520) (2@521 (40521)% ol (9 ( )

Then one may fix a positive number pg = po(, 20, f,~y) via condition (2.5) so that

c?v’/)?’(w”l) < (2¢,)%

Q(z0,p0) € Qr, E(p) < 2., < (5.22)
for all p €]0, pg]. By (5.18), (5.20)—(5.22), we have the inequality
1 1 1 3
Z < Z 3 )
5(29p) < 3E(p) + 202075 (22.) 3. (5.23)

It is valid for some fixed 6 €]0, 1] (see (5.20)) and for all p €]0, po(0, 20, f,7)]. Let
01 =% and p = 2. Iterating (5.23), we see that

o

5(911“+1p) < 2k+1 2k 22 QCJQO 26*)

1 2k+1 -1

= Wg(ﬂ) +

(S5
INA

1
T ok 2¢520 55 99 (26*)

1
E(p) + desogg - (2¢,)3

(5.24)

IN

ok +1
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for all natural numbers k. By (5.1) and (5.24),

1 I
COF*p) < st [6743 (0F0) + 5 AL (0F ) BR (0} )| <
1
1 1 3
< ¢51 |:9:1)’ (%g(p) + 40520@(26*) 2) + (525)

1 /1 1 3
+9—%<2—k€( )+4C5209 (2e4) )

But then, according to (5.19) and (5.25), we have

(2e.)%].

1
lim sup 05 pY (20,05 p;v,p) < 6521{651 {91 (465209 (25*)%> +

k—oo

L (25*)%)%(25*)%} +

1
(4Co20 79

93

Wl

1
<
+dcs20 g (25*) }

[\J\»—A

(4Co20 26*

1

4ey (2e4) 3
_6521(620 c 2[261( ) }3<

<Eo(7)-

IN

Proposition 2.9 is proved.

6. Other definitions of suitable weak solutions

Now we are going to explain how to work with suitable weak solutions introduced
in [1].

Definition 6.1. Let Q be a domain in R3 and T be a positive parameter. Suppose
that a fuction f satisfies condition (2.1) for some positive y. We say that a pair
of functions v and p is a suitable weak solution to the Navier—Stokes equations in
Qr if they have the properties

v € Loo(0, T; Ly R?)) N Ly (0, T; W (4 R?)),
p € Ls(0,T;Ls()),
and satisfy (2.3), (2.4).

For this solution, we have the same main result.

Theorem 6.2. Let v be an arbitrary positive constant. Let {Q, T, f,v,p} be an
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arbitrary collection, satisfying Definition 6.1 with this constant . Assume that
for a point zy € Qr condition (2.5) holds. Then zy is a regular point.

Theorem 6.2 is proved in the same way as Theorem 2.2. Corresponding changes
to be made are as follows. First of all we introduce new functionals:

Y1 (20, R;v) = Y11(20, R;v) 4 Yi2(20, R;v),

1
3

Y11(z0, R;v) = (f@( R)|v - (v)ZO,R|3 dz) ,
Z0,

Yia(z0, R;v) = (f: dt(][B(wo R)Iv — (V)] dm)Q)%,

o—R?

YQ(Zo,R;p) =f (][:0 dt(][B( R) |p - [p]zo,R|% dx) %)%,
Zo,

o—R?

Y (20, R;v,p) = <][Q(207R)|v|3 dz)é + <]/:—R2 dt(][B(;co,R)|v|% dx>2> é—l—

4

3. 4
+R (]/:R dt(fB(wo’R) RE dx) ) .

to

bry=— [ ([ plide)’

to*l%2 B(Io,R)

1 2
G(R) = — / ( / |v|%dx) :
to—R? B(zo,R)
E(R) = A%(R) + D*(R).
Then Lemmata 2.4, 2.5, 3.1, 3.2 and Propositions 2.6, 2.8, 4.1 remain to be valid

with @ = % and with Definition 6.1 instead of Definition 2.1. To prove Proposition

2.9 we use the following statements instead of Lemmata 5.1, 5.2 and 5.3.

Lemma 6.3. Assume that Q(zg,p) € Qr. Then
r\3 3 p\2 3 3
o) sea|(5) a0 + (1) A1 0)EH ()],

7
2 5

6r) < en ()75 + (2) (AT 0B o) + 410 EG))]

r

for all 0 < r < p. Here cg1 is an absolute positive constant.
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Lemma 6.4. Assume that Q(zo, R) € Qr. Then

A(3) + B(3) = coalCF(R)+ D RIGH(R) + ARE(R) + EROH),

where ¢y = ¢, (f; Qr) and ce2 is an absolute positive constant.

Lemma 6.5. Suppose that Q(zo,p) € Qr. Then

1

B < ews[(£) Do)+ (£) (4} 0B o)+

+A3(p) BR (p) + ¢ pRO+D) |

for all v €]0, p]. Here cg3 is an absolute positive constant.
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