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1 Introduction

Let (X,d, u) be an RD-space with a regular Borel measure p such that all balls defined by the quasi-
metric d have finite and positive measure and are open sets. For any x € X and r > 0, set the ball
B(z,r) ={y € X : d(z,y) < r}. In what follows, for any x,y € X and r € (0,00), set V() = u(B(z,7))
and V(z,y) = u(B(z,d(z,y))). Also, let T be a bounded operator on LP(X) for some p € (1,00). A
measurable function K (z,y) is called the kernel of T" provided that

T(f)(x) = /X K (2, 9)f (4)du(y) (11)

holds for each continuous function f with compact support, and for almost all  not in the support of f.
In this paper, we consider the commutator

Ty(f)(x) =TOf)(x) = b(x)T f(z), =€, (1.2)
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where b € BMOx(p) (see (1.9)).

It is well known that when 7" is a Calderén-Zygmund operator, Coifman et al. [10] proved that [b, T]
is a bounded operator on L? for 1 < p < oo if and only if b € BMO(R™). See [20,32,37] for the research
development of the commutator T}, on the Euclidean space R™ and [3,11,35] on the spaces of homogeneous
type.

In recent years, the harmonic analysis problems of differential operators (for example, Schrodinger
operators and elliptic operators, and so on) have received many people’s attention. On the one hand, some
scholars pay more attention to the investigation of the Schrédinger operators; see [2,13-15,25,28-30, 36]
and their references. Moreover, Yang et al. extended some important problems related to the Schrodinger
operators to the more abstract setting (cf. [39-41]). On the other hand, some scholars concentrated on
the research of other differential operators; see [7,12,18,19,21-24,27,38,42] and their references.

Motivated by [2,15,26,39], in this paper we investigate the L? estimates and the endpoint estimates for
T, on the space of the homogeneous type X when the kernel K(z,y) satisfies some conditions related to
the admissible function. Our main results can be used to study the Schrédinger operators and Schrodinger
type operators on R™ and to study the sub-Laplace Schrédinger operators on the stratified Lie group G,
and then to derive some new results including Lemma 4.1 and Corollary 4.2.

The notion of admissible functions on the spaces of homogeneous type was first introduced by Yang
and Zhou in [41]. A positive function p on X is called admissible if there exist positive constants Cs and
ko such that for all z,y € X,

p(y) < Cslp(x)] 440 [p(x) + d(z, y)] 1+%0 (1.3)

A nontrivial class of admissible function is the well-known reverse Holder class B, (X, d, j1). Recall that a
nonnegative function potential U is said to belong to B, (X, d, u) with ¢ € (1, co] if there exists a positive
constant C' such that for all balls B,

(M(lB)/BU(y)qdu(y)>é gC(M(lB)/BU(y)du(y)> (1.4)

with usual modification when ¢ = co. Following [36] and [39], for all z € X, set

. r?
p(x)—ili}g {r V() /B(m,r) Ul(y)dy < 1}. (1.5)
It follows from Proposition 2.1 in [39] that if the measure U (z)du(z) has the doubling property, then p as
in (1.5) is an admissible function, where ¢ € (max{1, } }, oo] with n appearing in (2.3) and U € B,(X,d, ).
Let T be an operator defined as in (1.1) with the kernel K (z,y). In this paper, we always assume that
T is a Calderén-Zygmund operator related to the admissible function p, that is, 7" and its kernel K (z, y)
satisfy the following conditions:
(a) T is a bounded operator on L?(X);
(b) For every [ there exists a positive constant C; such that

C

|K (z,y)| < . ; (1.6)
(L4 SV (2, y)
(¢) For every [ there exists a positive constant C; such that

C(l d(x7 y)(S
K K < , 1.7
(= 2) (v 2) (1+ Y@y V(z,z)d(z, 2) (1)

p(x)
or

C d J

K (z,2) — K(z,y)| < ; (@) (1.8)

~ d(x,z 5’
(14 162 V(a, 2z, 2)

whenever d(z,y) < 1d(z, z), 6 € (0,1].
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Remark 1.1. It follows from [8] that the above operator T is bounded on LP(X) for 1 < p < oo and
is of weak type (1,1).

Following [2], we define the class BM Oy (p) of locally integrable function b such that

1
p(B(z,7))

for all z € X and r > 0, where § > 0 and bp = M(lB) S5 0(y)du(y). A norm for b € BMOy(p), denoted by
[b]o is given by the infimum of the constants satisfying (1.9), after identifying functions that differ upon
a constant. If § = 0 in (1.9), then BMOy(p) is exactly the John-Nirenberg space BMO(X). Denote
BMOuo(p) = Upso BMOg(p). It is easy to see that BMO C BMOg(p) C BMOy: (p) for 0 < 6 < ¢'.
Hence BMO(X) C BMOu(p). When X =R"™ and p is defined as (1.5), Bongioanni et al. [2] gave some
examples to clarify that the space BMO(R™) is a subspace of BM O (p). Moreover, it follows from [39]
that BMO,(X) is the dual space of H)(X). Then by duality we have BMO,(X) € BMO(X). Therefore,
BMO,(X) is also a subspace of BMOu(p).
Now, we are in a position to state our first result.

r 0
[ =bslaut) <1+ 1) (19)

(x

Theorem 1.2.  Let p be an admissible function and b € BMOx(p). Assume that T is an operator
satisfying the above conditions (a), (b) and (c¢). Then, for 1 < p < oo,

ITofl Loy < Cblall fllLr(x) (1.10)

for all f € LP(X), where 6 > 0.

To obtain the endpoint estimate for T3, we need to introduce the Hardy space H ; (X) defined by the
grand maximal function associated to p (see [39] or Subsection 2.2).
Our second result can be stated as follows.

Theorem 1.3.  Let p be an admissible function and b € BMOgy(p) with 6 < k06+1 , where ko appears in

(2.6) and § appears in (1.7) and (1.8). Assume that T is an operator satisfying the above conditions (a),
(b) and (c). Then, for any A >0,

Cb
ulfe € X 1Tf @) > M) < 0 iy, V7 € HYX). (1.11)
Namely, the commutator Ty is bounded from H)(X) into Ly (X).

It is worth mentioning that Theorem 1 in [2] is a special case of Theorem 1.2 in this paper and
Theorem 4.1 in [26] is also a special case of Theorem 1.3 in this paper when X = R" and U € By(R", |-|, dz)
with ¢ > n. Similar to the case in [2], we can enlarge the class of functions b with respect to the classical
case because the kernels of T' have stronger decay and some continuity.

Compared with the proofs in [2] and [26], the proofs of our main results in this paper become more
complicated on the space of the homogeneous type than on the Euclidean space. In particular, our
results can be applied to handle the Schrédinger type operator on R™ and the sub-Laplace Schrodinger
operators on the stratified Lie group G, while they were not investigated in [2] and [26]. Moreover, our
main results can also be applied to handle divergence form elliptic operators plus a positive potential
satisfying the reverse Holder inequality when their matrix coefficients and potential satisfy a stronger
smoothness condition. Here, we omit the details for this problem.

This paper is organized as follows. In Section 2, we recall some basic facts for the spaces of the
homogeneous type, the admissible function p(z) and the Hardy space le. Moreover, we give some
lemmas related to BMO spaces BMOg(p). In Section 3, we prove Theorems 1.2 and 1.3. Section 4 gives
some applications of our main results in this paper.

Throughout this paper, the letter C' stands for a constant and is not necessarily the same at each
occurrence. By By ~ Bs, we mean that there exists a constant C' > 1 such that é < g; < C. Moreover,
for the ball B = B(z,r), we denotes the ball M B by M B = B(xz, Mr), where M is a positive constant.
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2 Preliminary lemmas and propositions

In this section, we first recall the spaces of the homogeneous type in the sense of Coifman and Weiss [8,9]
and RD-spaces in [17].

Given a set X, a function d : X x X — Ra' is called a quasi-metric on X if the following conditions are
satisfied:

(i) For every z and y in X, d(x,y) > 0 and d(x,y) = 0 if and only if © = y;

(ii) For every z and y in X, d(z,y) = d(y, z);

(iii) There exists a constant K > 1 such that

d(x,y) < K(d(x,z) +d(z,y)) (2.1)

for every x,y and z in X'. We shall say that two quasi-metrics d and d’ on X are equivalent if there exist
two positive constants ¢; and ¢z such that ¢1d'(x,y) < d(z,y) < cod'(x,y) for all x,y € X. In particular,
equivalent quasi-metrics induce the same topology on X.

Let p be a regular Borel measure on the o-algebra of the subsets of X which contains the balls
B(x,r) ={y:d(z,y) <r}. The triple (X,d, ) is called a space of the homogeneous type if there exists
a positive constant C; such that for all z € X and r > 0,

w(B(x,2r)) < Cru(B(x, 1)) < oo. (2.2)

Moreover, the triple (X, d, u) is called an RD-space if there exist constants 0 < k < n and Cs > 1 such
that for all z € X, 0 <7 < dlarg(X) and 1 <\ < dla;(x),

(Co) "' N p(B(z,r)) < p(B(z,Ar)) < CoA"u(B(w,7)), (2.3)

where diam(X') = sup, ,cx d(z,y) and the parameter n is a measure of the dimension of the space.
The following proposition is due to Macias and Segovia [33] (see also Theorem 2.3 in [1]).

Proposition 2.1.  Let (X,d,n) be a space of the homogeneous type. Then there exists a quasi-metric
§ on X which is equivalent to d such that, for v € X, 0 < r < 6K3R and y € Bs(x,R) = {y € X :
d(z,y) < R}, we have

1(Bs(z, R) N Bs(y,r)) = Cu(Bs(y, 7)), (2.4)

where C' > 0 depends only on the constants of the space. Moreover,
8(x,y) < d(z,y) < 3K?5(z,y), (2.5)

for every x and y in X. The balls Bs(x, R) endowed with the restrictions of the quasi-metric 6 and the
measure 11 become bounded spaces of the homogeneous type with constants K' and C1, satisfying (2.1) and
(2.2) respectively, independent of R >0 and x € X.

Following the above proposition, we can always assume that the balls B in X endowed with the
restrictions of the quasi-metric d and the measure u become bounded spaces of the homogeneous type
and the balls B always satisfy (2.4) throughout the paper. In addition, we also assume that X is an
RD-space and p(X) = oc.

In particular, we should point out that the results which we cite in [39] are valid even if d is a quasi-
metric instead of metric, see Section 2 in [39].

2.1 Properties of admissible functions

In this subsection, we recall some properties of admissible functions proved in Subsection 2.1 in [39].

Lemma 2.2.  Let p be an admissible function. Then
(i) for any C > 0, there exists a positive constant C, depending on C > 0, such that if d(x,y) < Cp(z),
then C~'p(y) < p(z) < Cp(y);
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(ii) there exists a positive constant C' such that for all x,y € X,

C M p(x) + d(z, )] < ply) + d(z,y) < Clp(z) + d(z, y)];

(iii) there exists a positive constant Cy such that for all z,y € X,

py) = Calp(x)]" 0 [p() + d(w, y)] 7.

Using (ii) and (iii) of Lemma 2.2, we immediately obtain the following corollary.

Corollary 2.3.  There exists kg > 0 such that, for any x and y in X,

d(.]?, :‘)J) ) —ko

ko
d(z,y) | o+
p(x '

“ "’“”(1 " o(2)

< ply) < Cp(x) (1 + (2.6)

A ball B(z,p(x)) is called critical. Due to Lemma 2.3 in [39], we have the following covering lemma
on X.

Proposition 2.4.  There exists a sequence of points {xy}72, in X, such that the family of critical balls
Qr = B(zk, p(zr)), k > 1, satisfies
(i) Uk Qr = X;

(ii) there exists N = N(p) such that for every k € N, card{j : 4Q; N4Q # 0} < N.
2.2 Hardy space H;(X)

The Hardy space H ; (X), which will be used to obtain the endpoint estimates of the commutators Tj,
was introduced by Yang and Zhou [39].

For this purpose, we first recall the spaces of test functions G(z,r, 3,7v) which play an important role
in the theory of functions on a space of the homogeneous type (cf. [16,17,39]).

Definition 2.5. Let x € X,r > 0,8 € (0,1] and v > 0. A function f on X is said to belong to the
space of test functions, G(x,r, 5,7), if there exists a positive constant C such that

0
1 r v
1010y vl ] T v
()

, d(y,y") 1° 1 " !
[f(y) = F)] < Cf[wrd(x,y)} Vi (z) + V(z,y) [r+d(x,y)}

for all y,y" € X satisfying the fact that d(y,y’) < [rﬂgw’y)]. Moreover, for any f € G(x,r,3,7), its norm
is defined by
||f||g(a:,r,[3,'y) = inf{Cy : (i) and (ii) hold}.

Note that G(z,r, 8,7) is a Banach space. Let € € (0,1] and 8,v € (0,¢]. Define the space G§(z,, 3,7)
to be the completion of the set G(x,r,¢,¢) in G(z,7,8,7). For f € G5(x,r, B,7), define || fllg(.rp.4) =
| fllg(z,r8.7) Let (Gg(x,r, B,7))" be the set of all continuous linear functionals on G§(z,r, 3,7). Through-
out this section, we fix 1 € X and write G(8,7v) = G(x1,1, 8,7) and (G§(5,7)) = (G5 (x1,1,8,7)) .

Definition 2.6. Let 1 € (0,1],e2 > 0, € € (0, min{e1,e2}) and p be an admissible function. For any
B,v € (0,e), f €(G(B,7)) and x € X, define the grand maximal function GE,E’ﬁ’W)(f) associated to p by

G,(DE’B”)(f)(m) = sup{[(f, )| : ¢ € G5(B,7), [|llg(a,r,8,4) < 1 for some r € (0, p(x))}.

Definition 2.7. Let ¢ € (0,1],5,v € (0,¢) and p be an admissible function. The Hardy space H; (X)
associated to p is defined by

Hy(X) ={f €(G(B,) : flmx) = |G (f)| L2 () < 00}
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Definition 2.8. Let 1 < ¢ < co. A measurable function a is called a (1, q),-atom associated to the
ball B(z,r) if r < p(z) and the following conditions hold:

(i) suppa C B(z,r) for some x € X and r > 0,

(i) [lall o) < (B, r>>“1,

(iii) when r < p(x) , Jyal =0.
Definition 2.9. Let e € (O 1] ,8 € (0,e) and ¢ € (1,00]. The space H)(X) is defined to be the
set of all f = 3>,y Aja; in (G5(8,7))", where {a;}jen are (1,q),-atoms and {A;};en C C such that
> jen [Aj| < oo. For any f € H)}(X), define ||f||H{1),q(X) = inf{}_;y ||}, where the infimum is taken
over all the above decompositions of f.

Furthermore, Yang and Zhou [39] gave the atomic decomposition characterization of H)(X) which
plays an important role in the proof of our second result.

Proposition 2.10.  Let p be an admissible function and q € (1,00]. Then H)(X) = H}4(X) with
equivalent norms.

2.3 Some lemmas related to BMO spaces BM Oy(p)

Similar to the proofs of Proposition 3 and Lemma 2 in [2], we have the following proposition and lemmas.

Proposition 2.11. Let 0 >0 and 1 < s < co. If b € BMOy(p), then

(e fy 1= 10 0) ame ) 1)

for all B = B(z,r), with x € X and r > 0, where 8/ = (1+ ko)0 and ko is the constant appearing in (iii)
in Lemma 2.2.

Proof.  From the John-Nirenberg inequality on a space of the homogeneous type (see [3] or [5]), given
a ball By and g € BMO(By) we obtain that, for every 1 < s < og,

1 :
(M(B)/B|Q_QB|SdM(y)> <CH9||BMO(BO)7 (2.8)

for every ball B C By, where the constant C' is independent of the ball By. Therefore, to prove (2.7) we
only need to show the claim: if R > 1 and @ is a critical ball, then we have b € BMO(RQ) and

bl Brro(rg) < Clblo(1 + R) R, (2.9)

In fact, if (2.9) holds, by using (2.8) we conclude that for any ball B C RQ,

(u(lm /B b — bBlsdu(y)) < Cle(1 + R)FH, (2.10)

Let B = B(z,r) and Q = B(x, p(x)), with € X and r > 0. If r < p(x), we choose R = 1 and apply
(2.10) to get (2.7). In the case r > p(x), B = p(z)@- Then we apply (2.10) with R = p(z) Which yields
(2.7).

It remains to prove the claim. Let B = B(z,r) C RQ, with z € X and r > 0. Following (2.6), we have

p(z)(1+ R~%) < p(a) (1 + d;;?) < Cp(2).
Then, since r < Rp(z),

r ko ko+1
o(2) SCp(x)(1+R) <C(1+R) .

From the fact that b € BM Oo(p ) it follows that

Ly L 1o boldnt) < Cllo(1+ Ry
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Lemma 2.12.  Let b€ BMOy(p), B = B(zo,r) and s > 1. Then

<u(213) /MB b(y) — bBISdu(y)) i < C[b]ek(l + pii;)el, (2.11)

for all k € N, with 0" as in (2.7).

Proof.  Due to Proposition 2.11, we have

(i) [, o) = sl dutr) ) i’

L g
1 s
< — bar gl i — baj—1
S (H(QkB) /2kB b(y) — bar g du(y)) +j§:1 boi p — bai-1 ]

< C[b]gi (1 + p?jr )01 < C[b]9k<1 + 2k7”))0,.

o) p(wo

We borrow the idea from [2] and define the following maximal function on the space of the homogeneous
type X. Given a > 0, we define the following maximal functions for g € Ll (X) and z € X,

1
M, .g(x) = sup / ql,
pag(@) v€BeB, o M(B) B| |

Mt g(z) = sup
e z€EBEB, o w(B) /g

where B, o = {B(y,7) 1y € X,r < ap(y)}.
Also, given a ball Q C X, for g € L, .(Q) and z € Q, we define

1
Mog(z) = sup / 1, (2.12)
< zeBer(Q) MBNQ) Jeno

and

1
Migz)= sup / 19— 951, (2.13)
@ zeBer(Q) MBNQ) Jpno

where F(Q) = {B(y,r) : y € Q,r > 0}.

Lemma 2.13. For 1 < p < oo, there exist B and v such that if {Qr}72, is a sequence of balls as in
Proposition 2.4, then

s <ol [ |M§,7<g>|p+;|czk|(u(;k) [ |g|)p), (214)

for all g € LL (X).

loc

Proof. Let Q = B(wo, p(xg)) be a critical ball and z,y € ). Then by (2.6) we have

p(y) < Cop(z), (2.15)

where the constant Cy depends on the constants C' and kg in (2.6).
Hence, for any x € @,

M, 59(x) < Makq(9xerxq)(@), (2.16)

with 8 = Qéz and K is the constant appearing in (2.1).
0
In fact, for any 2 € @ and x € B(y,r) with r < 8p(y), we have

d(y, wo) < K(d(y, =) + d(z,z0)) < K(Bp(y) + p(x0)) < K(BCop(z) + p(20)) < 2K p(xo)-
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Therefore, B(y,r) C F(2KQ) = {B(z,r) : z € 2KQ,r > 0}. Hence, (2.16) holds true.
Also, for z € 2Q),

Mo (9x2rQ) (@) < CM? i (9)(x). (2.17)
In fact, given a ball B = B(y,r) C F(2KQ), when r > 12K*p(z0), it is easy to see that

(2K Q) = u(BN2KQ).

In other words, B N 2K (@ has measure comparable to 2K () which belongs to B, 12x4. In addition, when
0 <r < 12K%*p(xg), by using Proposition 2.1, we have

w(B) = p(BN2KQ) > Cu(B),

where the constant C' depends only on the constants of the space X. Hence, u(B N 2KQ) is comparable
with p(B). Clearly, B € B, 1ax+. All in all, (2.17) holds.

By the decomposition of X in Proposition 2.4, Proposition 3.4 in [35], (2.16) and (2.17), and the fact
that the balls 2Q);, are also spaces of the homogeneous type, we obtain

/X sl i) < 3 /Q M5 (9) ()
< zk: /Q ) | Marg, (9x2K0,)|Pdp(y)

<OX [ Wina,orame P+ w000 (0, [ 191)
CZ/ M s (9)Pdpu(y +CZM 2Q1) <M(21Qk) /sz |g|>p

p
C/-;n/| pa2xcs (9)[Pduly +C“”ZMQk< (Cgk)/ZQ |g|> ,

where we have used the finite overlapping property given by Proposition 2.4 in the last inequality and
the constant Cj, ,, depending only on the x,n in (2.3).

3 Proofs of the main results

Firstly, in order to prove Theorem 1.2, we need the following lemmas. As usual, we denote by M the
Hardy-Littlewood maximal function and for f € L] (X) we denote by M; the s-maximal function which

is defined as L
1 . ,

Lemma 3.1. Let b € BMOy(p). Assume that T is an operator satisfying the above conditions (a),
(b) and (c) in Section 1. Then there exists a constant C such that

1
mQ)

for all f € Ly, (X) for s > 1 and every ball Q = B(zo, p(z0)).
Proof. Let f € L*(X) and Q = B(xo, p(xo)). Writing T}, f as

Tof = (b=bQ)Tf =T(f(b—bq)). (3.1)

Via Holder’s inequality and Lemma 2.12, we get

o) 1001ty < (0 ) L=y ) (0 ) st >)

/ ITof )\du(y) < ClBlo inf M. f(y),
Q yeQ
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<cth( 0, / ITf(y)ISdu(y)>i~

If we write f = f1 + fo with f1 = fx2kq, then

<u<1@> /Q |Tf1(y)lsdu(y)> e c(ﬂ(l@ / ) lf(y)lsdu(y)) ‘i
< C inf M.f(y).

For z € @, note that p(x) ~ p(xo) follows from (i) of Lemma 2.2. And it is easy to see that d(z,z) ~
d(zg, z) when d(zg, z) = 2p(z9). Since d(x,xo) < p(zo), there exist constants Ky and Kj such that

1(B(wo, d(wo, 2))) < p(B(x, Kid(z, 2))) < K7 Cop(B(x, d(x, 2))),
and
w(B(x,d(z, 2))) < p(B(zo, Kad(o, 2))) < K3 Cap(B(xo, d(x0, 2)))-
Hence,
Vi(xo, 2) = p(B(wo, d(wo, 2))) ~ p(B(x, d(x, 2))) = V(z, 2).
By using the estimate (1.6) and Holder’s inequality, we have

T fa(a)] = ] / K (@, 2)f(:)du()
d(z0,2)>2Kp(z0)

| £(2)]
d(z0,2)>2Kp(xo) (1 + dl()?g’;))lV(m,z)
27”{)

<C / (=) ldp(2)
kZ%M(B(ffoa?kKﬂ(ffo))) 2k K p(20)<d(z0,2) <2F+1 K p(x0)

<C

du(z)

2—lk
s¢ / 2)|du(z
2 (B, 2K p(0))) S 2y caser oy 1)

k>1

—lk 1 2)|$ P
s 022 (M(B(l’o,Qka(xo))) /d(aco,z)<2’“+1Kp(aco) |f( )| dM( )>

k>1
yeR

1

s

To deal with the second term of (3.1), we split again f = f1 + fo with fi = fxokq-
By using Hélder’s inequality and boundedness of T on LP(X), where p < s,

1 1 ) 1
M(Q)/Q|T((b—bQ)fl)(y)|dM(y)< (M(Q)/Q|T((b—bQ)fl)(y)| du(y))

(o /. |((b—bQ)f)(y)|de(y)>;

Q
<(,@ / (08 dut)) ’”15(#(1@ / Qlf(y)lsdu(y)) S
< Clblg ylgg M f(y),

where é + i’ =1, ps > 1 and we have used Proposition 2.11 in the last inequality.
For the remaining term, via the estimate (1.6), Holder’s inequality, and Lemma 2.12, we have

Tf2(b = be)l(x)| = ’/d( o )K(mvz)[b(b— bQ)l(2)dp(2)
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|[f2(b = bq)](2)]
d(z0,2)>2p(z0) (1 4+ “TNV (2, 2)

p(@)
2—lk
C Z mo 2k

<C du(z)

b—>b Ndu(z
))) /Qkp(xo)éd(xoz)<2k+1p(@o)|[f2( Q)]( )| /1’( )

k>1
2— Ik
=¢ b—1b d
; 1’072k ))) /d(mo’z)<2k+1p(x0) |[f2( Q)](Z)| /_L(z)
<C 9~ lk( 1 y ) 1
kzx .130, 2kp(x0))) /d(wo,z)<2k+1p(mo) |f(Z)| M(Z)

1
s/

x ( S
/L(B((Eo,Q p( ))) d(xo,2)<2k+1p(z0)
<Y 2 kR, inf M, f(y)

k>1
< C inf M,f(y),
inf sf(y)

b bl du(2) )

where i + Sl, =1 and [ is large enough. Therefore, this completes the proof.

Remark 3.2.  Similarly, we can conclude that the above lemma also holds if the critical ball @ is
replaced by 2Q.

Lemma 3.3. Let b € BMOy(p). Assume that the kernel K(x,y) of T satisfies the estimate (1.7).
Then there exists a constant C' such that

/ K (2, 2) = K(y, 2)[[b(2) = bl f(2)|du(z) < C[blo inf Mf(y),
(2B)¢ ye

for all f € Ly, (X) for s >1 and x,y € B = B(xo,r), with r < yp(zo), where v > 1.
Proof. Denote @ = B(xg,vp(xo)). Note that p(z) ~ p(xo) and d(z, z) ~ d(xg, z). Similarly,
V(iL’(), Z) = /J,(B(l'o, d(l’o, Z))) ~ /L(B(:L’, d({E, Z))) = V(:L’, Z)

By using (1.7), we have
/ K (,2) = K(y, 2)[[b(2) — bp|f(2)dp(z)
(2B)-

oves V(xo, 2)d(zo, 2)° -V (2o, 2)d(x0, 2)°H!
=1 + 5.

For I, by Holder’s inequality and Lemma 2.12, we have

Jo 930

LD SRS IRECILCRMTI0
Jo s 2j7' 0’ .
<CY 2 ][b]9<1+ p(xo)) yegM sf(y)

022 3341 gmef( )
< C[ Jo inf M.f(y),

where jo is the least integer such that 270 > 77 (fo).
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To deal with I3, we use Lemma 2.12 and choose [ > 6’ to derive

C [ —j(5+1)
B Y iy I = badu)
j=do—1 ’ ’
Cp(ﬂfo)l G —5(8+1) - 20y v
< o i ZQ 36+ ][b]9<1+p(xo)) ynelgM sf ()

Jj=Jjo

’

) -0
—j6 p(xo) .
< CJ; Jj2 < 9ip ) [b]eylgngf(y)

where we have used the fact that **® < 1 when j > jo.
2ir ¥

Proof of Theorem 1.2.  We start with a function f € LP(X) for 1 < p < co. Let 1 < s < p. By Lemmas
2.13 and 3.1 and Remark 3.2, we have

T 112, < / M, 5(T3 f) (@) Pdp(z)
<C [ 8, (@)@ Pduta +cZ|Qk|( o / Ibe(w)ldu(x)>
c/| § (D) (@) Pdu(z) + Cl Z/ M. f(2)Pdu(z)

c/| (D) @)Pdp(z) + CREfIL

where we have used the finite overlapping property given by Proposition 2.4 and the boundedness of M
in LP(X) for s < p.
Next, we consider the term [, |M£7,Y(be)(x)|pdu(x). Our goal is to find a pointwise estimate of

Mgﬂ(be)(x). Let z € X and B = B(xzg,r), with r < vp(xg) such that x € B. If f = f; + fo, with

fi = fx2k B, then we write
Tof = (b =bp)Tf—=T(fi(b—0bp)) —T(f2(b—bp)). (3.2)

Therefore, we need to control the mean oscillation on B of each term that we call J;, Jo and J;. By
Hoélder’s inequality and Proposition 2.11, we obtain

W< o 16— )T r @)
<c( /|b—bB|Sdu ) (i [ @)
< ClgMy(Tf)(z

since P(JTEO) <.
To estimate Ja, let 1 < § < s. Then,

< [T be) Al

<0( iz [ 710t Fauto))

<, /. |<b—bB>f1<x>|§du<x>)é
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(i [-tolin) (L) [ orann)
< CIML(f) (o).

s§
s—5"

For J3, by Lemma 3.3 we obtain

where v =

113)2 /B /B IT(f2(b—bg))(u) — T(f2(b — bp))(y)dp(u)du(y)

o o o L V02 = K2 = ball e )it
ClbloMsf(z).
Therefore,
|M}_(Ty ) ()| < Cblo(M,T f(x) + M f(x)),
which gives the desired result.

Proof of Theorem 1.3. For f € H}(X), we can write f = Ej_ioo Aja;, where each a; is a (1, ¢) ,~atom
and Zj__oo IAjl < 2[[f |1 Suppose that supp a; € B; = B(x;,7;) with r; < p(z;). Write

T = 32 M) —bs)Ta@vss, @)+ 3 A(b() — b, Tas(@)xis, e (@)
Jj=—00 er/p(4)
X 0 b T, (Z Al bs) )()
<p() j=—00

= Ay (z) + As(x) + As(x) + As(z).
Using Hoélder’s inequality, (L9, LY)-boundedness of T and Proposition 2.11,

1(b(2) - b)Tay(@)xss, (@)l 1) < ( [ o) - @W’du(m)) * | Tay s

J

< ( / bl - bB|q’du<m>)  Jaglie

< (m;j) IR bB'q'd“(m))
< Clble, J

since r; < p(z;).
When considering the term As(x), we note that p(z;) > r; > p(ij). Then

1(b(z) = bp;)Ta;(2)x(sB,)e (@)l L1 (x

< [ lawiano] /d() K()lIbo) ~ b (o)}

Note that d(z,z;) ~ d(x,y) and

(1 + d/()ﬂ&@)})) c<1 T d(;:(;;ﬂ) > C<1 N d(x,xj)> koil.

Moreover, V(z,y) ~ V(z,x;). Then by Lemma 2.12 and the estimate (1.6),

/ K (2,9)|[b(z) — b, [dpu(z)
d(z,x;)>8r;
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cz/ “ i b@) b du(a)

250y o) <2y (1 d(a, ) play) 1) o+ V()
e _ (k+1)1 1
<C 2 lotl b—"bg.|d
D22 W b L e, 10 )
(k+1)z Cy2™ /
<C 2" b—bg,|du(z
EI x%ﬂm)ﬂmmﬁﬂm| 5, ldu(x)
2k+4,r, (ko+1)0
<C)» 27 (1 + J)
Z p(;)
< C[b]av
where [ is large enough. Therefore,

[|(b(z) — bg,)Ta;(x)XsB;) ()| L1(x) < Clbla-

For As, it follows from the vanishing condition of a; and (1.8) that

[(b(x) = bp;)Ta;(x)xsB;) () L1 x)

<c/kmmwwﬁ/ IK@M—KWJMWM—%MM@}
Bj d(x,25)>87;

<C [ las()ldp(y) :
B; o1 2R <d(e e <2kt (14 d(z, x5) p(a;)~1) o+t

ZTj g xTr) — .
A

> 1
<Oy (k39 / b —bp. |du(z)
k‘z::l V({E, 2k+3rj) d(z,x;)<2k+4r; !

= C2™
<O ok / b—bg,|d
V(z, 2k+47“ ) d(,my)<2F 4, | Bj| ()

k=1

e (k+3)5 2k+47,,j (ko+1)6
<C» 27 [b]ak‘<1 + )

; p(z;)

< CZ2—(k+3)6+(k+2)(k0+1)9[b]ak
k=1
< C[b]av

where we have used the fact 6 > (ko + 1)6.
Thus, we obtain

| C
erX:|Ai(m)|>4H</\||A( W < © Zm, i=1,2,3

j=—o00
Note that

1
’

—@W@(Q lajllzs

16— b, )asll s < (/
B
1

(M )—@W@@Qq
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< Clblo,

where r; < p(z;)
By the weak (1, 1)-boundedness of T', we get

oo

> b= blxj)ay

j=—o0

HxGR” D Aa(x)] > ZH < i

Clbly ~—
<Pl
Ll

j=—o00

Therefore,

{eerian> 1} < W i< Vs

HmeR" b, TIf @) > ZH SOX

j=—oc0

This completes the proof of Theorem 1.3.

4 Some applications

In this section, we present several applications of Theorems 1.2 and 1.3.

4.1 Schrodinger operators and Schrodinger type operators on R™

Let n > 3 and R™ be the n-dimensional Euclidean space endowed with the Euclidean norm | - | and the
Lebesgue measure dz. The metric d induced by the Euclidean norm | - | is given by d(z,y) = |z — y| for
any z,y € R™. Clearly, (R™,|-|,dz) is an RD-space. Denote the Laplace operator Z;.lzl 8‘12% on R™ by A.
It is easy to check that the balls B in R™ endowed with the restrictions of the metric d andj the Lebesgue
measure dxr become bounded spaces of the homogeneous type. Hence, R™ satisfies the assumption on the
RD-space X.

Let ¢ > 5 and U € B,(R", |-|,dx), where B;(R"™,|-|, dz) is the reverse Hélder class as in Section 1. And
let £; = —A + U be the Schrédinger operator and Lo = (—A)2 + U? be the Schrodinger type operator.
At this time, the Hardy space H}>°(X) is exactly the space Hj (R™) established by Dziubariski and
Zienkiewicz in [13] and H} (R™) = H} (R™) (see Theorem 1.1 in [6]), where p defined in (1.5) is an
admissible function.

When X = R"™, we will give three typical examples of Calderén-Zygmund operators T related to the
admissible functions though we can give many other examples of T.

Case 1. Let T =LY, v € R. Following Theorem 0.4 in [36], we know that £%” is bounded on L?(R")
for 1 < p < oo. Also, the kernel K (z,y) of £ satisfies (1.6) of Condition (b) in Section 1 by using
(4.3) in [36]. We conclude from Theorem 2.7, (4.2) and the proof of Theorem 0.4 in [36] that the kernel
K (z,y) of L1 satisfies (1.7) and (1.8) of Condition (c) in Section 1. Therefore, the operator £} satisfies
the assumptions of Theorems 1.2 and 1.3.

Case 2. Assume ¢ > n. Let T = Vﬁfé. Following Theorem 0.8 in [36], we know that Vﬁ;é is

bounded on LP(R™) for 1 < p < oo. Also, the kernel K(x,y) of Vﬁ;é satisfies (1.6) of Condition (b)
in Section 1 by using (6.5) in [36]. Finally, we conclude from Theorem 2.7, Remark 4.9, (5.3) and the

proof of Theorem 0.8 in [36] that the kernel K (z,y) of VL;% satisfies (1.7) and (1.8) of Condition (c) in
Section 1. Therefore, the operator V,C;é satisfies the assumptions of Theorems 1.2 and 1.3.

Case 3.  Assume U € By, (R, |- |,dx) or U € By (R, |- |, dr) and there exists a constant C' such that
U(z) < Cp(x)™2. Let T = VQCQ_;. Following Theorem 3 in [30], we conclude that VQCQ_; is bounded

on LP(R™) for 1 < p < co. Also, the kernels K (x,y) of V2£2_é satisfy (1.6) of Condition (b) and (1.7)
and (1.8) of Condition (c) in Section 1 by using Theorems 5 and 6 and Equality (9) in [30]. Therefore,
1

the operator V2L, * satisfies the assumptions of Theorems 1.2 and 1.3.
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4.2 Sub-Laplace Schrodinger operators on stratified Lie groups

Let G be a stratified Lie group and g be its Lie algebra. Namely, it is nilpotent, connected and simply
connected, and its Lie algebra g admits a vector space decomposition g = Vi & --- @ V,, such that
Vi,Vi] = Vg1 for 1 < k < m and [V4,V;,] = 0. Let X = {X1,..., X4, } be left invariant fields on
G satisfying the Hormander condition. Namely, X, together with their commutators of order < m,
generates the tangent space of G at each point of G. And assume that G is a Lie group with underlying
manifold R™ for some positive integer n. G inherits dilations from g: if g € G and r > 0, we write

re=(rfa,, ... rix ), (4.1)

where 1 < dy < --- <d,. The map x — rx is an automorphism of G.

Denote by 0 the unit of G and let o be the group law of G. The left (or right) Haar measure on G is
simply dx = dx, - - -dz, , which is the Lebesgue measure on g. For any measurable set £ C G, denote by
|E| the measure of E. Let d. be the Carnot-Carathéodory (control) metric on G associated to X. The
ball of radius dg centered at x is written by

B(z,00) ={y € G : dc(z,y) < dp}-

It follows from Section 5.4 in [39] that (G, d., u) is an RD-space.

We fix a homogeneous norm function | - | on G which is smooth away from 0. Thus, |rz| = r|z| for
all z € G, r > 0,|z7!| = |z| for all z € G, and |z| > 0 if # # 0. The homogeneous norm induces a
quasi-metric d which is defined by d(z,y) := |z~ ty|. The Carnot-Caratheodory metric d, is equivalent to
the quasi-metric d. In fact, from the results of Nagel et al. in [34], we have that there exists a constant
a = a(G) > 1 such that for any =,y € G,

a’ildc(mvy) < d(l’,y) < adc(m,y). (42)

An important feature of both metrics d and d. is that these distances and thus the associated metric
balls are left-invariant. Hence, |B(x,do)| ~ 6§ for any dy > 0.

It follows from Lemma 4.2 in [4] that the balls B in G endowed with the restrictions of the metric d
and the Lebesgue measure dz become bounded spaces of the homogeneous type. Hence, G satisfies the
assumption on the RD-space & in this paper.

In this section, we always assume q > g and U € By(G, d., i), where By(G, d., it) is the reverse Holder
class as in Section 1 and the number Q) = 27:1 j(dim Vj) is called the homogeneous dimension of G. At
this time p defined in (1.5) is an admissible function.

The sub-Laplacian is given by Ag = — Z?;l X 32 The gradient operator V¢ is denoted by Vg =
(X1,...,X4,). Note that A¢g = Vg - V. Let £1 = Ag + U be the Schrodinger operator. At this time,
the Hardy space H,»>(X) is exactly the space H} (G) established by Lin et al. in [28]. Next, we will give
one typical example of Calderén-Zygmund operator T related to the admissible functions when X = G.
Case 1. Let ¢ > Q. Let I'(z,y, \) be the fundamental solution of Ag + U + A with A € [0, 00).

1

Let T = VgL, 2, where

and

Vel f(a) = /G K (z,y) f(y)dy, (4.3)

1 1
K(z,y) = 77/0 A2V Dz, y, A)dA. (4.4)

Next, we only need to show that T = V(;L;é satisfies Conditions (a), (b) and (c).
1

We conclude from Theorem C in [25] thatV L, ?is bounded on L?(G), that is, it satisfies Condition (a).

1

Using (5.2) in [25] and (4.4), we conclude that the kernel K (z,y) of VgL, ? satisfies (1.6), that is,

C

de(z, !
(14 9 )d, (2, )@

K (z,y)] <
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1
We give the following lemma before we prove that the kernel K (z,y) of VgL, ? satisfies Condition (c)
in Section 1.

Lemma 4.1. IfU € By(G,d., p) for some ¢ > Q and Agu+ (U + N)u =0 in By(zo,2R), then

1
2 ‘ Q2 —1yy!
([ w2u@r) <cri 0+ mole) ) swp ju(o)l
B(zo,R) B(z0,2R)
Proof. Lemma 3.2 in [25] implies the existence of the following cut-off function.
Let ¢ € C°(B(wo,2R)) such that ¢ =1 on B(zo, 1), 0< ¢ <1, |[Vgo| < CR™! and [V&¢| < CRZ,
where C' > 1 is a constant in Lemma 3.2 in [25]. Then

w(@)d(x) = / Loz, y, \)(Ac + A)(ud)(y) dy

G
= /@ Loz, y, \)(U(y)u(y)o(y) + 2Veu(y) - Ved(y) + u(y)Acd(y)) dy

- /G To(z, 4, ) (U ) u(y)o(y) + uly) Asd(y)) dy

+2/GU(y)VG,yFo(x,y7A)-VG¢(y)dy- (4.5)

By using Theorem 4.1 in [25], we immediately obtain that Ag(Ag + A)~! is bounded on LP(G) for all p,
1 <p < oo and V&(Ag)~! is a Calderén-Zygmund operator. Therefore, VZ(—Ag + A)~! is bounded on
LP(G) for all p, 1 < p < oo. Using (4.5) and (3.9) and (3.10) in [25] we have, for x € B(xo, R),

C

VEu(@)| < V3 (A6 +A) " (Uud)@)| + gy July)| dy.
B(z0,2R)

Therefore

(/ |V%u(m)|qda:>q <C suwp |u(m)|<</ U(z)? dx)q +R?2>
B(ﬂ’)o,R) B(mo,QR) B(ﬂco,QR)

1
< CRY2 sup |u(a:)|< 02 / U(x)dx + 1)
B(z0,2R) R B(z0,2R)

< CRY7(L+ Rp(ao)™)° sup |u(@)],
B(z0,2R)
where we have used Lemma 2.8 in [25].
In a similar manner to prove Lemma 4.1 via the fractional integral theorem on the stratified Lie group,
we have the following corollary.

Corollary 4.2. IfU € B,(G,d., ) for some Q > q > g and Agu+ (U + AN)u =0 in Bo(xo,2R), then

([ weu@r) <orRTH+ Rota) ) supfuta)l
B(zo,R) B(z0,2R)

1_1_ 1
where | = e Q"
1
Now we are in a position to give the proof the kernel K(z,y) of VgL, ? satisfying Condition (c).
We fix zg,90 € G and £ € G. Let R = dc(wf’yo) and u(z) = I'(z,y0,A). Assume that d.(0,¢) < .

Then
1 [ 1
|K (x00&,y0) — K(xo,y0)| < - / A7 2|Veg,eI'(z0 0 &, 90, A) — Ve 2 I'(20, Y0, A)|dA.
0

By using Theorem 1.1 in [31] and Lemma 4.1, we have

_Q q
|VG,wF(xO o 5; Yo, >‘) - VG,IF(m()vyO; )\)| < dc(oag)l a </ |V<%;,F($7y0; )‘)|qu>
B

(z0,2R)
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<ot ([ [whutpar)’
B(z0,2R)

1_Q
a ] _
(1+ R p(x0) 1)l° sup |T'(z,yo, \)]

R ) R B(x0,2R)
1

RQ-1

_ c Cde(0,€)°

T (14 A2R)(1 + Rp(ag) V)it de(wo,y0) @+

(1+ Rp(xo) 1)~ Hlo(1 + A2 R) ™

where § =1 — ng > 0 and we choose [ large enough. Then

C Cd.(0,¢)°

K(zg o€, — K(xo, < ’
| ( 0 gyo) ( 0 y0)| (1+dc(x0,y0)p(mo)*1)l dc(anyO)QJr(s

(1.7) is proved for d.(0,€) < d“(xg’y()), and similarly, we prove that (1.8) is valid for d.(0, &) < d“(mg’yO).
The proof is complete.
1
Therefore, the operator VgL, * satisfies the assumptions of Theorems 1.2 and 1.3. The main results
1
in this paper are valid for Vg £, 2.

Case 2. Letg> g and T = C?, v € R. Because L; is a self-adjoint and positive operator on L?(G),
then it has a spectral resolution

L :/ AEz,\,
0

where Ez, A\ are the spectral projection. For any v € R, then we have
Lo = / ATdEg, A
0

By the spectral theory we immediately conclude that C? is bounded on L?(G). Namely, it satisfies
Condition (a) in Section 1. Moreover, we can define £]” in another form as follows,

£ f(x) = /G K (2, 9) (y)dy. (4.6)

and s
K(z,y) = / NT (2, y, N)dA. (4.7)
™ Jo

It follows from (1.10) in [25] that the kernel K (z,y) of LY satisfies Condition (b) in Section 1.
Finally, we show that the kernel K (z,y) of £]" satisfies Condition (c) in Section 1. We fix zo,yo € G
and £ € G. Let R = dC(IZ’yO) and u(z) = ['(z,yo, A). Assume that d.(0,£) < ¥. Then

1 [ ..
Ko 90) ~ K(zo,)| < | [ W70z 2 €30, 3) = Do, g, A
0

By using Theorem 1.1 in [31] and Corollary 4.2, we have

|F($0 o g; Yo, )‘) - F(J?(), Yo, A)' < dc(oa 5)17? </ |VGF(J:7 Yo, A)|tda:‘>
B

(wo ,QR)

1
t

< Cd(0,6) 7 (/ Veu()[! dw)
B(z0,2R)

c\Y @1 -
< C<d (0 é.)) (1 —|—Rl)(x0) 1)l0 sSup |F(xay07)‘)|
R B(x0,2R)
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Q
d.(0,6\* "« 1 L L
<C( (R@) po—a 1+ Rp(wo) Hy=Ho(1 4 A2 R)™

- C Cde(0,€)°
S (14 A2R)(L + R plao)~1)ito de(o, yo) 9+

where 6 = 2 — cg > (0. Then

C Cd.(0,¢)°

K(xgok, — K(xo, < .
(o &, 90) (0,90 (1 + de(zo,y0)p(z0) 1) de(z0,y0) 9T

(1.7) is proved for
de (o,
2.(0,6) < 700,

and similarly, we can prove that (1.8) is valid for

dc(zo,
< (330 yo).

d:(0.6) < "

The proof is complete.
Therefore, the operator £]" satisfies the assumptions of Theorems 1.2 and 1.3. The main results in
this paper are valid for £]7.
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