
RAIRO
MODÉLISATION MATHÉMATIQUE

ET ANALYSE NUMÉRIQUE

R. VERFÜRTH
Finite element approximation of steady Navier-Stokes
equations with mixed boundary conditions
RAIRO – Modélisation mathématique et analyse numérique,
tome 19, no 3 (1985), p. 461-475.
<http://www.numdam.org/item?id=M2AN_1985__19_3_461_0>

© AFCET, 1985, tous droits réservés.

L’accès aux archives de la revue « RAIRO – Modélisation mathématique et
analyse numérique » implique l’accord avec les conditions générales d’uti-
lisation (http://www.numdam.org/legal.php). Toute utilisation commerciale ou
impression systématique est constitutive d’une infraction pénale. Toute copie
ou impression de ce fichier doit contenir la présente mention de copyright.

Article numérisé dans le cadre du programme
Numérisation de documents anciens mathématiques

http://www.numdam.org/

http://www.numdam.org/item?id=M2AN_1985__19_3_461_0
http://www.numdam.org/legal.php
http://www.numdam.org/
http://www.numdam.org/


MATHEMAT1CAL M0DH1JNG AND NUMBUCAL AHALYSIS
MOOÉUSATIOH MATHÉMATIQUE ET ANALYSE NUMÉRIQUE

(vol. 19, n° 3, 1985, p. 461 à 475)

FINITE ELEMENT APPROXIMATION OF STEADY NAVIER-STOKES
EQUATIONS WITH MIXED BOUNDARY CONDITIONS (*)

R. VERFÜRTH C1)

Communicated by F. BREZZI

Abstract. — We consider the steady Navier-Stokes équations in a bounded domain Q c R 3

with smooth boundary Y. As boundary conditions we require that the normal velocity component and
the tangential stress components vanish on Y. Problems ofthis type arise as subproblems when dealing
withfluidflows subject to surface tension. The continuous problem is discretized using a non-conforming
mixed finite element method with quadratic éléments for the velocities and linear éléments for the
pressure. For sufficiently small data both the continuous and the discrete problem have unique solutions.
We obtain O( / Ï 1 / 2 ) error estimâtes for the H1-norm of the velocities and the L2-norm of the pressure
and an O(h) error estimatefor the L2-norm of the velocities. The suboptimality of the error estimâtes
is due to the non-conformity of the method. However, this cannot be avoided as is shown by a Babuska-
type paradox.

Résumé. — Nous considérons les équations de Navier-Stokes dans un domaine Cl c= R3 au bord Y
régulier. Comme condition de limite nous supposons que la direction normale du champ de vitesse et
les directions tangentielles de la tension superficielle sont nulles sur Y. De tels problèmes apparaissent
quand on considère Vécoulement d'un fluide soumis à une surtension superficielle. On utilise une
méthode non conforme d'éléments finis mixtes avec des éléments quadratiques pour le champ de
vitesse et des éléments linéaires pour lapression. Le problème continu et le problème discret possèdent
des solutions uniques si la force extérieure est assez petite. On établit une majoration d'erreur d'ordre
O(hi/2) pour la norme H1 du champ de vitesse et la norme L2 de la pression et d'ordre O(h) pour la
norme L2 du champ de vitesse. La majoration d'erreur n'est pas optimale en raison de la non-conformité
de la méthode. Un exemple analogue au paradoxe de Babuska montre que cette non-conformité est
indispensable.

1. INTRODUCTION

The flow inside a volume Q c M3 of fluid governed by an exterior force ƒ
and surface tension is described by the Navier-Stokes équations

- v Au + Vp + (w.V) u = f
- - ~ inQ (1.1)

div u = 0

(*) Received in May 1984.
O Mathematisches Institut Ruhr-Universitàt Bochum, Postfach 102148, D-4630 Bochum,

West Germany.
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462 R. VERFÜRTH

with the mixed boundary conditions

).xk = 0 on r-=dQ, fc=l, 2, (1.2)

(cf. [2, 3, 9]). Here n dénotes the outward normal to Q, xk, k = 1,2, orthonormal
vectors spanning the tangent plane and

the stress tensor. The boundary F of the fluid is not known a priori. It is deter-
mined by the condition that its mean curvature is proportional to the normal
stress component :

2KH = n.T(u,p).n on F.

The existence, uniqueness and regularity of solutions to this problem are
investigated in [2, 3].

As a first step towards error estimâtes for fînite element approximations of
this problem, we consider problem (1.1) with boundary conditions (1.2) in
a jïxed bounded domain fi c U3 with three times continuously differentiable
boundary F. In order to simplify the notation we assume in addition that fi
is convex.

We consider a non-conforming mixed fmite element method. For sufficiently
small data v~2 ƒ both the continuous and the discrete problem have unique
solutions. We obtain 0(A1/2) error estimâtes for the if1-norm of the velocities
and the L2-norm of the pressure and an Q(h) error estimate for the L2-norm
of the velocities. The suboptimality of the error estimâtes is due to the non-
conformity. However, this cannot be avoided as is shown in the last section
by a Babuska-type paradox.

2. FINITE ELEMENT DISCRETIZATION

Dénote by H\Q)9 k ^ 0, and L2(fi) := H°(Q) the usual Sobolev and
Lebesgue spaces equipped with the seminorm

M k
ï = { f E |D«i<*)|2«fe|1/2 (2.1)

and norm

f A "U/2

(2.2)
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FINITE ELEMENTS FOR NAVIER-STOKES EQUATIONS 4 6 3

Since no confusion can arise, we use the same notation for the corresponding
norm and seminorm on Hk(Q)3. The inner product of L2(Q) and L2(fi)3 will
be denoted by (M, V)0.

Let

S? := span { u(x) = P A X : p is an axis of symmetry of Q } (2.3)

where A dénotes the vector product. Put

V f TT ^ f(W^ • f\ 1

M:= j/>eL2(Q): f p dx = 0 j
(2.4)

and dénote by

= = ! ^ + ! ^ > K « ' , 7 < 3 , (2.5)

the déformation tensor. We mtroduce the following three bilinear resp. trilinear
forms for u,v,we H^Q)3, p s L2(Q) :

Û & S> î = | f £(«) £(£) ̂ , (2 • 6fl)

b(u,p)i= - pdivwdx, (2.6*)
Jn

N(w,u,2v):= f [(u.V)v}wdx. (2.6c)
Jn

The weak formulation of problem (1.1), (1.2) to which we will refer as Pro-
blem ( Jf) then is :

Find (w, p) e X x M such that

a{u,v) +b(v,p) +N(u, «,£) = (ƒ,£), V» e X\
è(w5^) = 0 VqeM.

The corresponding linear problem without the non-linear term (N(w, w, iO
will be refered to as Problem (y). Problem (S) always has a unique solution
and the regularity estimate

I l « l l 2 + \ \ P \ \ i £c\\f\\0 (2.7)

vol. 19, n° 3,1985



464 R. VERFÜRTH

holds (cf. [2, 3, 9]). If the data v"2 || ƒ ||0 are sufficiently small, Problem (N)
also has a unique solution and the regularity estimate (2.7) holds (cf [2, 3, 9]).

Let Qh c fl be a family of polyhedrons satisfying the assumptions :

(A1) each vertex of Qh lies on T.
(A2) the length of all edges of Qh can be bounded from below and from

above by ch and ~ch resp. with constants c_ ~c independent of h.

We divide each Qh into tetrahedrons with edges of length 0(h) such that the
resulting family TSft satisfies the usual regularity assumptions for fînite élé-
ments (cf. [6]). For simplicity we assume :

(A3) each face of Qh is the face one Te^h.

Dénote by g?h the set of vertices of Qh. Let S£ be the space of continuous
fînite éléments corresponding to 7Sh which are piecewise polynomials of
degree ^ r. Put

Xh:= {ue(Sh
2)*:u.n = 0 V Q e ^ } / ^

f 1 (2*8)

eSi:\ pdx = 0L

Note that Xh cz H1(Qh)
3, but Xh <£ X and u.nh =£ 0 on Fh -= ôÇlh where r^

is the outer normal to Qh.
We dénote the seminorm and norm of Hk(Qh) by | . \kth and || . \\kth resp.

The inner product of L2(Ü) is denoted by (., Oo,*- Finally, we introducé dis-
crete analogues of the forms a, b and N :

Jfi

f D(u)D(v) dx, (2.9a)

pdivudx, (2.9b)

) \ peL2(Çîk).

The discrete approximation of Problem (N) to which we will refer as Problem
(JQ then is :

Find (&, ph) e Xh x Mh such that

M2 AN Modélisation mathématique et Analyse numérique
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FINITE ELEMENTS FOR NAVIER-STOKES EQUATIONS 465

The corresponding linear problem without the non-linear term Nh(uh, uh, vh)
will be refered to as Problem (£?h).

In the sequel c, c0, cv ... dénote various constants which are independent
of h but have different values depending on the context. Moreover, we will
often use the Green's formula

f {-vVu+Vp}v = f \^D(u)D(v)-pdi\v\- \ nTf&p)v (2. 10)

(cf. (2.7) in [2]) which holds for v e H^O)3, p e H\Q) and u e H2(Çïf with
div u = 0.

3. ERROR ESTIMATES FOR THE LINEAR PROBLEM

In this section we want to establish error estimâtes for the linear Problems
(S) and (Sh). Recall that Y := dû., Th -.= ôQh and that n and nh dénote the
normal to Q and Qh, resp.

LEMMA 3 . 1 : There is an h0 > 0 such that the boundary estimâtes

II «•& Wmrh) ^ c-h112 II u Ui , , Vwe Xh , (3.1)
and

i l i ^ W ^ ^ l l w l l i , VMÊI, (3.2)

hold for all 0 < h ^ h0.

Proof : Let S be a face of Qh and g be a vertex of S. Dénote by T e T̂ , the
tetrahedron which has S as face and by nQ the normal to Q in Q. Since F e C2

and all vertices of Qh lie on F, we have | «̂  — nQ\ ^ c/z and thus

f | w . a |2 ̂  ch2 [ \u\2 + f \ u . n Q \ 2 . (3.3)
Js Js Js

Let cp : T -* f, be the linear transformation which maps T into the tetra-
hedron f with vertices (0, 0, 0), (0, 1, 0), (l,t0, 0), (0, 0, 1) such that <p(Ô) = O.
Put

v(x) := u-n^y-^x)), Vx e f .

If u e Xh, then i? belongs to the space of quadratic polynomials on f vanishing
in the origin. On this space, | . |fll(f) and || . \\Hi(f)

 a r e equivalent norms.

vol 19, n° 3,1985



4 6 6 R. VERFÜRTH

The trace theorem and a homogeneity argument therefore imply

f | u . n Q |2 S ch2 f | v |2 S ch2 | v \2
HHf) < c h \ u |21(T).

JS J<p(S)

Recalling (3.3) and summing over all faces of Qh yields (3.1). To prove (3.2),
dénote by A the part of Q \Qh which has S as face. Associate with Q e S the
point |i(Q) e r which lies on the line through Q with direction n^. Since

= 0 we conclude

r 2 ç
I U'Bi \2 dQ ^ niax | r^ — n(\i(Q)) | \ \u

Js QeS js

+ f \u-n{\y{Q))\2 dQ
Js

^ch2 ! \u\2dQ
Js

r r1
 d

Js Jo ds

~Ck J s l H l dQ + d'
where we have used | Q — ji(Q) | ^ 0(A2). Summing over all faces of Th and
recalling the continuous imbedding H 1(Qh)

3 -> L2(Fh)
3 this implies (3.2). Note

that the norm of the above injection dépends on meas (Qh) and diam (Qh)
and can therefore be bounded independently of h for sufficiently small h. •

Since Xh contains all continuous, piecewise quadratic finite éléments which
vanish on rh, we conclude from [4] with the same arguments as in [10] that

inf sup T , , , „ ^ P > 0 (3.4)
PheitfhMO) uheJrh\{0} II «1, Ili,fc \\Ph \\o,h

holds with a constant 0 independent of /Î. The second Korn inequality, the
generalized Poincaré-Friedrichs inequality (cf. [9]) and Lemma (3.1) imply

CoWzWU^ f | £ ( " ) | 2 + ( ^ o + ^ ) l l « l l o .*

r r 2

^ (1 + C0C2 + Ct C2) I £ ( « ) I2 + (CO + Cx) C2 U.Hfi
vQh JF),

= C3 | £ ( H ) |2 + CA h II H H M > V « e '^A •
Jnh

M 2 AN Modélisation mathématique et Analyse numérique
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Hence there is an h0 > 0 and a constant a > 0 independent of h such that

h, 0 < h ^ h0 . (3.5)

The continuity of ah, bh, équations (3.4), (3.5) and standard results on mixed
problems {cf. [5]) imply the unique solvability of Problem(Sh) for ail 0<h^ho.

THEOREM 3.2 : Let (u,p) e X x M and (*£,,ƒ>,,) e Xh x Mh9 0 < h ^ h0, be
the unique solution of Problem (S) and(Sh) resp. Then the error estimate

II H - H» 111* + II P ~ PH HO,* ^ ch1'2 || ƒ ||0 (3.6)
holds.

Proof : Let/?£ be the best approximation of p in the || . ||0h-norm by élé-
ments of Mh. Standard approximation results (cf [6]) and équation (2.7) imply

\\P-Pt\\o,h^ch\\f\\o. (3.7)

Dénote by w£ the interpolating function of u by éléments of (Sfc
2)3. Since

w e /ƒ 2(Q)3 <= X, wj is well defîned, lies in Xh and satisfies

\ \ u - $ \\Uh < c h \ \ u \ \ 2 < ch\\ l\\0 . (3.8)

The functions u e H2(Q)3, p e Hx(Çl) are solutions of

~ v Au + Vp = ƒ .
- inQ

div u = 0

«.« = »•£(«)-i = 0, k = l , 2 , o n r . (3.9)

Multiplying (3.9) with î^eX,,, integrating over Qh and using (2.10) yields

Hence, we have

^ , V ^ G X , , (3.10)

where the right hand side is due to the non-conformity. To simplify the nota-
tion, put

* î = s u p

vol. 19, n° 3, 1985



468 R. VERFÜRTH

First, we estimate \\p - ph ||Offc. From (3.4), (3.7), (3.10) and (3.11) we
conclude

P II Ph ~~ Ph II 0,* ^ SUP il „ 11 *»(&> Ph ~ Ph)

g c* || ƒ Ho + sup .. 6fc(5fc> pfc - p)
vheXh\{0} II £h II1,*

S c * II ƒ Ho +c\\u-uh\\Uh +R

and thus

| | / » - / » » | | o > l k S c f t | | / | | o +c\\u-uh\\Uh+R. (3.12)

Put wh ••= uh — uj;. From (3.5), (3.8) we get

«v || wh \\2
Uh ^ ah(wh, wh) ^

^ch\\f ||0 || wh \\uh + ah(uh - u, wh)

^{ch\\f\\0+R}\\ wh ||1(A + bh(wh,p - ph)

S { ch II ƒ ||0 + R } || w„ | | w + cA || ƒ ||0 || p - ph ||0>,

+ **(̂ » -a,p - PU
S c' { ch II ƒ ||0 + R } { || M>„ ||1;fc + c* II ƒ Ho } (3.13)

where we have used (3.12) and

bhQ± ~ uh, qh) = 0 , VqheMh.

Next, we estimate R. Let j ; e Xh. The trace theorem, eq. (2.7) and Lemma (3.1)
imply

j *
I ^

^ II !Lh±^hi>)Hh ||i.2(rh) II Ufrüh llLï(rh)
2

+ kZ II a I ^ ^ I M llL2(rh) II a-i»
2

^ cA 1 / 2 || ƒ ||0 || vh ||1)ft + c II üfc ||1?fc X II üh H(u)lhk \\mr*> * ( 3 - 1 4 )

Here, xhk, k = 1, 2 are orthonormal vectors spanning the tangent space at Ffc.
Let S, A and |o(6) be as in the proof of Lemma 3.1. Since nD(u) xk — 0 on F
and | nh - n^Q)) \ = 0(h), \ xhk - xMQ)) I = 0(A) and | Q~\i(Q) \ = 0(h2\

M2 AN Modélisation mathématique et Analyse numérique
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we conclude with the same arguments as in the proof of Lemma 3.1

f lükgOÜIkk I2 ^ch2\\g($\2 +\ |»WÖ)).Tfep)).Tt(|j{e)) |2 dQ ^
Js Js Js

^ch2 [ | £ ( H ) | 2 + C / * 2 | | « | | 2
H W -

Summing over all faces of Th and using the trace theorem, this implies

\\nhD{ü)lhk\\LHTh)^ch\\l\\0. (3.15)

Combining équations (3.12)-(3.15), we finally obtain the desired error esti-
mate. D

Note, that — regardless of the polynomial degree of the finite éléments —
the estimate

R £ ch1*2 \\ f \ \ 0 (3.16)

can only be improved by requiring uh. nh = 0 on Th for all uh e Xh. The example
of § 5 shows that this assumption is not appropriate for the problem under
considération.

By a standard duality argument one can prove the error estimate

We omit the proof hère, since we give a detailed proof of the corresponding
error estimate for the non-linear problem in the next section.

4. ERROR ESTIMATES FOR THE NON-LINEAR PROBLEM

The aim of this section is to prove :

THEOREM 4 . 1 : There is an h0 > 0 and a constant K > 0 which does not
depend on h such that Problems (N) and (Nh), 0 < h ^ h0, have unique solu-
tions (u,p)e X x M and (uh,ph) e Xh x Mh resp., provided v~2 || ƒ ||0 < K.
Moreover, the error estimate

a-a» 111* + h l WP-P* HO,* < ch II Z Ho (4. i)

holds.

Proof : Using Sobolev's imbedding theorem one easily proves that the
trilinear forms N and Nh are continuous o n l 3 and X£ resp. (cf. Lemma 2.1
in Chap. IV of [7]). The norm of Nh can be bounded independently of h for

vol. 19,n°3, 1985



470 R. VERFÜRTH

sufïiciently small values of h, A standard fixed point argument {cf. [8] and
Chap. IV of [7]) then yields the unique solvability of Problems (AT) and (Nh)
for sufficiently small data v~2 || ƒ ||0. Together with Theorem 3.2 it also
implies the error estimate for the H1-novm of the velocities. Since u e H2(ÇÏ)3,
p e H1^) is a weak solution of (1.1), we may multiply (1.1) with vh e Xhi

integrate over Qh and use (2.10) to obtain

bh(vh,p) + Nh(uyu,vh) -

Hence, we have

-Pù =

E>Hh-BVh)> V a e I A (4.2)
and

**(«-«*.«*) = 0, VqkeMh. (4.3)

The boundary intégrais are due to the non-conformity.
To simplify the notation, put

£ : = H - üh > Z Î = P - P h >

R'= SUP l h /
vheXh\{0} II Eh

: = = S U P

vheXh\{0)

Eh \\l,h J r h —

II
h H lift J r

and dénote by p% the best L2-approximation of p in Mh and by u% the inter-
polant of u in (Sh

2)3. Recall that w* e Xh and R ^ ch112 || ƒ ||0 (tf. (3.16)).
The trace theorem implies

Jr
I de?*) ( H & ) I < II « a I W K ) II « I I L ^ ^ II i?*

^ c l l u n J I ^ ^ I l M l U l l t i l l ^ . (4.4)

With the same arguments as in the proof of Lemma 3.1 we conclude

II H?A Hi.«<rh) <
 ch II E IIiri,4(n)3 < c' A H M |f2 . (4.5)

Equations (4.4) and (4.5) imply

* i <ch\\f\\l. (4.6)

M2 AN Modélisation mathématique et Analyse numérique
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From équations (3.4), (3.7), (3.16), (4.2), (4.6) and the i^ -er ror estimâtes
of the velocities we get

P II A - PÎ II 03 < SUP ilf, H bk(2k> Ph ~ Pt) <
v h e X h \ { 0 } H Eh W\th

<c\\p-P* ||0)ft + C || M - Uh\\uh + C || « - H, ||^ft + * + *! ^ e/*1'2 || ƒ ||0 .
Together with (3.7) this implies the error estimate (4.1) for the pressure.

The L2-error estimate for the velocities follows from a standard duality
argument. Let (ji, p) e X x M be the weak solution of

Vp - £ 0 0 « + | { (Vi£>* H + W w } - £ X n h
 i n

div jj, = 0

= 0, fc=l,2,onT.

Hère xnh is the characteristicfunction of the set Qh. From [9] it follows that (4.7)
has a unique solution and that the regularity estimate

II H II2 + H P I I I ^<Hl£llo.* (4.8)

holds. Multiplying (4.7) with eeH^Qf)3, integrating over Qh and using
(2.10), we obtain

II £ Ho,* = ah(\b d) + H^> P )

[
Let p£ be the best L2-approximation of p in Mh and \i% be the interpolate of JJL
in (Sh

2)3. Equations (4.2), (4.3), (4.9) and standard approximation results
for finite éléments [6] imply

f f 1 1 )
+ < n* I f e P)£ - ö(M3h) ( ü ^ " 3* £(]±> P) H* " Ö(^?JI ) Û4i*) r

Jrh l Z z J

< { c/ï II ̂  Ui,A + ch 11 8 Ho.* + c II ̂  II?.*} II £ II

(4.10)

vol. 19, nû 3,1985



472 R. VERFÜRTH

Next, we estimate the four boundary intégrais in (4.10) separately. Lemma 3.1
and équation (3.15) imply

f ISfclte/Otîl <

< II UH Tfap) n* ||L2(Fh) { II (JJL — u*) UH ||L2(rh) 4- || ^ ||L2(Fh) }

J±* l l^(^) 3 II Sfc If&PiSkk \\mrh)
k=l,2

< c { II u ||2 + || p ||! } { || u_ - ujf ||lih + A II H l ij } + ch || E* ||1)A || ƒ Ho
< C / J | | / | | 0 | | £ | | 0 ) A . (4.11)

Similarly, we get

r

< || !h Z ( Ü ' P) Oh \\mrh) [ II (w - «*) «* llx.2(rh) + II («** - «*) «A

<^ C \\ € \\ FII U t / ^ II ~}~ H II £ II ~l ~h c/ ï II ̂  II II £ El

< c / M / I U I i H l o , f c + c/*1 / 2II.Êll1 ,J|e|lo,, ,- (4-12)

Lemma 3 .1 and Sobolev's imbedding theorem imply

\ [ I MTh I I WÎ I < ch || u II, || u 1 , , , ^ || ix* ||^.4(ft0

" < c* II ƒ lig II e ll0Jk • (4.13)

Finally, équation (4.5) yields

5 Jrh
 M " H" " ° " ^ ' " ^ " lf* " _ o - i.» - o,„

(4.14)

Equa t ions (4.10)-(4.14) together with the error estimâtes for | | e | | l i A and

II E II o fc now complete the proof. •
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FINITE ELEMENTS FOR NAVIER-STOKES EQUATIONS 473

5. A BABUSKA-TYPE PARADOX

The proof of (3.16) shows that the error estimâtes of Theorems 3.2 and 4.1
could only be improved by requiring u.r^ = 0 on Th for all u G Xh. However,
the solutions of Problem (Sh) with Xh replaced by

3:u.!k, = 0 on Th } (5.1)

do not converge in gênerai to the solution of Problem (S),

Example 5 . 1 : Let Q c: U2 be the interior of the unit circle with centre in
the origin.

Dénote b y w e C œ ([0, 1]) a function with

w(r) =

0, O ^ r ^ i
(5.2)

and put

u(x, y) Î= n<r).(- sin cp, cos cp)r (5.3)

where (r, cp) are polar coordinates in Q. Obviously, u G C°°(Q)2 and u.n = 0
on F := 3Q. An easy calculation yields

div u - 0 in Q , nR(u) = 0 o n T .

Let Qh be as in § 2 and assume that h is small enough such that Th •*= dÇlh

s inside the annulus around the origin

> Ph) £ Xh x Mh the unique solution of

lies inside the annulus around the origin with radii - and 1. Dénote by

(The arguments in the proof of (3.4) and Korn's first inequality [9] imply
that (5.4) fits into the abstract framework of [5].) Inserting u^ as test function
in (5.4) and using Korn's first inequality we get

with a constant c independent of h. Let Sls S2 be two adjacent faces of
with common vertex Q and dénote by nls n2 the normal to Sx and S2

The continuity of ^ and w ^ = 0 on S(, i = 1, 2, imply u^Q) — 0.

vol. 19, n° 3,1985
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Using the same arguments as in the proof of Lemma (3.1) this yields

IlifclW.o^CoA^llifclIi.* (5.5)
and thus

M* ||1Jk £ c2 - c3 || M 111

Since the constants c0,..., c3 can be bounded independently of h, there is a
constant c > 0 independent of h such that

lls-lfe \\Uh £ o 0

for sufficiently small A > 0. Indeed, the wft, /?fc approximate the solution of a
Stokes équation with homogeneous Dirichlet boundary condition. To see
this, let u e H£(Q)2, p e M be the unique solution of

+ 6(2, p) = ( - AM, ÈO

b(u,q) = 0 \fqeM.

By Standard regularity results we have

llw||2 + WPh ^ | | A j i | | 0 ^ c ' | | a l l 2 .

Replacing t$ in the proof of Theorem 3.2 by the interpolant ŵ  of u by
linear finite éléments corresponding to TSh and noting ŵ  e Xh, we conclude

II & - ^ ||1Jk + || ̂  - Ph ||0Jk ^ c/* || M H2 + R 2 ,
w h e r e

E „ il Sfc £
i î i Ui,* JF h

Since (5.5) holds for all v^ e Xh, we have

iï2 ^ cA1'2 { || £ Ils + M l l i } ^ * 1 ' 2 | | s | | 2 . D

Finally, let us remark that a similar result is well known as BabuSka-paradox
in plane elasticity ([1]). The above example, however, seems to be new in
fluid dynamics. It shows that problems with mixed boundary conditions
behave essentially diflFerent from those with Dirichlet boundary conditions.
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