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Abstract
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1 Introduction

In this paper we prove that the initial value problem of the three dimensional Navier-Stokes
equations
Ou—Au+ (u-Viu=VP, 2R3 t>0
diviu)=0, zcR3 t>0
u(z,0) = ug(z), z€R3
is globally well-posed in LP(R3) N L?(R3) for any 3 < p < oc.
It is well-known that the pressure P can be expressed in terms of the velocity u by the

formula
3

k=1

where (R, Ra, R3) is the Riesz transform. Hence, letting P be the Helmholtz-Weyl projection

operator, i.e., the 3 x 3 matrix pseudo-differential operator in R? with the matrix symbol (5ij —

|€ |_2§i§j)3x , where d;; are the Kronecker symbols, the above problem can be rewritten into

the following equivalent form:

{8tu—Au+]P’V~(u®u):O, z€eR3, t>0, (11)

u($a0) = uO(m)v T € Rga
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where ® denotes the tenser product between vectors, ie., u @ u = uu! = (uiuj)?,jzl for

u = (uy,uz,u3)’ (note that we always regard u as a column 3-vector, and identify all column
3-vectors with corresponding 3 x 1 matrices throughout this paper), and V - (u ® u) represents
the (column) vector with each component being the divergence of the corresponding row vector
of the matrix u ® u. Thus, throughout this paper we shall consider the problem (1.1). Before
giving the precise statement of our main result, let us first make a short review on the study of
this problem and state two known results.

The first important work on this problem was performed by Leray in 1934 in the reference
[19], where he studied the general N-dimension case and proved that the problem (1.1) (with 3
replaced by N) has a global weak solution in the class

Cu([0,00), L*(RY)) N L([0, 00), L2(RY)) N L*([0, 00), H' (R™))

for any initial data ug € L?(RY) with div(ug) = 0, where C,([0,00), L?(R"™)) denotes the set
of maps from [0,00) to L?(RY) which are continuous with respect to the weak topology of
L? (]RN ). Here and throughout this paper, for simplicity of notations we use the same notation
to denote both a scaler function space and its corresponding N-vector counterpart; for instance,
the notation L?(RY) denotes both the space of scaler L? functions and the space of N-vector
L? functions. To obtain this result Leray used a smooth approximation approach based on
weak compactness of bounded sets in separable Banach spaces and dual of Banach spaces.
An important feature of the solution obtained by Leray [19] is that it possesses the following

property: For tg = 0 and almost every tg > 0, there holds the energy inequality:
t
)13 + [ I9u()lBds < o), Vo> to (12)
0

A different approach which uses the Picard iteration argument was introduced by Kato and
Fujita in 1964 in [8], where they established local well-posedness of the problem (1.1) (again in
the general N-dimension case) in the space H*(RY) for s > % — 1, and global well-posedness
for small initial data in H %_1(]RN ). This approach was later extended to various other function
spaces, such as the Lebesque space LP(RY) for p > N by Kato in [12] (see also Fabes, Johns
and Riviere [7] and Giga [10]), the critical and subcritical Sobolev spaces and Besov spaces of
either positive or negative orders by Kato and Ponce [I3], Planchon [22], Terraneo [26] and
et al, the Lorentz spaces LP? by Barraza [I], the Morrey-Campanato spaces MP¢ by Giga and
Miyakawa [I1], the space BM O~ of derivatives of BMO functions by Koch and Tataru [15], and
general Sobolev and Besov spaces over shift-invariant Banach spaces of distributions that can be
continuously embedded into the Besov space By (RY) by Lemarié-Rieusset in his expository
book [I8]. The literatures listed here are far from being complete; we refer the reader to see

[4] and [18] for expositions and references cited therein. A third approach which combines the
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above two approaches was introduced by Calderén in 1990 in [2]. He proved global existence
of weak solutions in the class Cy([0,00), L2(RY) 4+ LP(RY)) for initial data ug € LP(RY) for
any 2 < p < co. We refer the reader to see Lemarié-Rieusset [17], [I8] and the present author’s
recent work [5] for further results obtained from the third approach.

Solutions obtained from the second approach are usually called mild solutions or strong
solutions to distinguish with those obtained by Leray and from the third approach. Since the
famous work of Serrin [24], a large number of literatures have been devoted to the study of weak-
strong uniqueness and weak-strong regularity, see e.g. [9], [16], [20], [25] and the references cited
therein. From the results on this topic we know that if the Navier-Stokes initial value problem
is (locally) well-posed in some function space X, then for any initial data ug € X N L2(R™N),
the weak solution coincides with the unique strong solution on the maximal existence interval
of the strong solution.

For p > 2 we denote
L2 (RY) = {ug € LP(RY) : div(up) = 0}.

Related to this work, we particularly write down the following two theorems which follow from

some of the above-mentioned literatures so that whose proofs we omit:

Theorem 1.1 Let p > N and ug € LE(RY). Then the following assertions hold:

(1) There exists a constant T' = T'(||ugl|p) > 0 such that the problem (1.1) has a unique mild
solution u € C([0,T], LE(RN)).

(2) Let T* be the lifespan of the solution, i.e. the suprimum of all T > 0 such that the
problem (1.1) has a mild solution u € C([0,T], L% (RN)). If T* < co then

li L)l = 0.
m a1l = oo

(3) For any0 < T < T* and p < q < oo the solution belongs to C((0,T], L1 (RY)). Moreover,
Ni_1y qmN L N1y
tz'r <Jue C(0,T7], LY(RY)) and %m(l]t? »a’||uf, = 0.
—
(4) For any 0 <T <T* and p < q < o0 and 1 < r < oo satisfying the relation

2 N N
+==—

r q p

)

we have
u e L'([0, 7], LY(RY)).

(5) The solution belongs to C>((0,T*) x RN). In fact, for any0 <T < T*, k € Zy, o € ZY
and p < q < 0o, we have OF9%u € C((0,T], LY(RYN)), or more precisely,

t79Fo%a € C([0,T], LYRY)), and %in(l)ta\\ﬁfag‘uﬂq =0 in case o > 0,
—
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where 0 =k + |a|/2 + (N/2)(1/p — 1/q).

(6) The solution map ® : ug — u is Lipschitz continuous in the following sense: For any
vo € LL(RY) and 0 < T < T*, where T* is the lifespan of the solution v = ®(t;vq), there erists
corresponding € > 0 such that for any ug € LE(RYN) such that |ug — voll, < ¢, the lifespan of
the solution u = ®(t;ug) is larger than T, and there exists constant C' > 0 such that

sup_|lu(t) = v(t)[lp < Cllug — vollp.
0<t<T

Theorem 1.2 Let ug € LY(RY). Then the following assertions hold:
(1) There exists T = T(ug) > 0 such that the problem (1.1) has a mild solution u €
C([0,T), LY (RN)) which satisfies the following properties:

312 P (RN
t2v P ’ue O([0,T], LE(R™Y)) for any N <p < oo,

"%V € 0(0,T), LL(RY)) for any N < p < oo,

both with values zero at t = 0.

(2) For any p > N, the solution is unique in the class
{“ e C((0, 7, ILRY)) : 2077 ue € (0,7, LP(RY)) and lingt%(l‘%’\lumup = 0}-
%

(3) Let T* be the lifespan of the solution, i.e. the suprimum of all T > 0 such that the
problem (1.1) has a mild solution u € C([0,T], L3 (RN)). In the case N =3, if T* < oo then

I )l = o0,
im a9l = oo

(4) For any 0 <T <T* and N < g < o0 and 1 < r < oo satisfying the relation
2 N
42 =1,
r q
we have
we 17((0,T), L1 (RY)).

(5) The solution belongs to C°((0,T*) x RN). In fact, for any0 < T <T*, k€ Zy, a € Zﬂy
and N < p < oo, we have 0F0%u € C((0,T], LE(RN)), or more precisely,

t°9F0%u e C([0,T], LP(RY)), and %in(l)tUH@f@ﬁqu =0 in case o > 0,
—

where 0 =k + |a|/2 + (N/2)(1/N —1/p).
(6) The solution map ® : ug — u is Lipschitz continuous in the following sense: For any
vo € LY(RY) and 0 < T < T*, where T* is the lifespan of the solution v = ®(t;vy), there exists
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corresponding € > 0 such that for any ug € LY (RY) such that |ug — vol|§ < €, the lifespan of
the solution u = ®(t;ug) is larger than T, and there exists constant C' > 0 such that

sup [lu(t) —v(#)|[x < Cllug — vol|n-
0<t<T

(7) There exists € > 0 such that if ||ug||n < €, then the solution is global, i.e., T* = co.

Unlike the assertion (2) of Theorem 2.1 which is an immediate consequence of the assertion
(1), the proof of the assertion (3) of Theorem 2.2 is very difficult, for which we refer the reader
to see [6] and [23]; see also [14] for the H %(]R?’) version of a such result.

The question remaining unanswered till now is as follows: Is T* = oo for all sufficiently
smooth initial data or is it true that 7" < oo for certain initial data, no matter how smooth or
how fast they decay at infinity? When comparing the Navier-Stokes equations with the other
classical nonlinear partial differential equations of the evolutionary type, this question becomes
quite remarkable, because for the nonlinear heat equations, the nonlinear wave equations, the
nonlinear Schrodinger equations, the KdV equation and etc, we know that they are either
globally well-posed in suitable function spaces or there exist finite-time blow-up solutions. For
the Navier-Stokes equations, however, we know neither global well-posedness except for small
initial data nor existence of a finite time blow-up solution.

The purpose of this paper is to prove that the problem (1.1) is globally well-posed in the
space LP(R3) N L%(R3) for any 3 < p < oo. To give a precise statement of our main result, we
introduce a notation. Given p > 3, for any ug € LP(R?) N L?(R3) we denote

o2 =
kip(ug) = [luollpy™ ™ [Juolly" 7,

and call it the x,-value of ug. Note that by the Hélder inequality we have

[[aolls < #p(uo)-
Note also that both || - ||3 and &, are invariant under the NS-related scaling, namely,
luglls = l[uolls  and  kp(ug) = rp(wo),
where u}(z) = Aug(Az) (A > 0).

The main result of this paper is as follows:

Theorem 1.3 Let 3 < p < oo. For any ug € LE(R3) N LE(R3) the problem (1.1) has a
unique solution u € C([0, +00), L (R3)NLE(R3)). Moreover, there exists constant Clk,(ug)] > 0

depending only on ky(ug) (not on specific ug), such that

iglg”ll(t)up < Clrp(uo)]||uoll,- (1.3)
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Corollary 1.4 Under the assumptions of Theorem 1.3, we have u € C*®(R? x (0, +00)).

Corollary 1.5 Let ug € L2(R3). Let u be the Leray-Hopf weak solution of the problem
(1.1) with initial data ug. Then u € C(R3 x (0, +00)).

o
Corollary 1.6 Let ug € H®(R3) = ﬂ H™(R®) and satisfy the condition div(ug) = 0.

m=0
Let u be the Leray-Hopf weak solution of the problem (1.1) with initial data ug. Then u €
C>™(R3 x [0, 4+00)).

The idea of the proof of Theorem 1.3 is to show that global solutions of the problem (1.1)
decay sufficiently fast as ¢ — oo so that there holds the estimate

50 plp=1)
/0 la@®)lp" dt < Clrp(uo)]lluoll. (1.4)

We shall use the continuous induction method to prove this estimate, namely, we first prove
that this estimate holds for ug in a small neighborhood of the origin of LP(R3) N L?(R?), and
next prove that this estimate is stable under small perturbations. Since this estimate is clearly
also stable under the limit procedure, we conclude that it holds for arbitrary initial data in
LP(R3) N L2(R3). Thus, the proof is very simple.

We point out that Theorem 1.3 can be immediately extended to the general N-dimension
case. See Remark 4.1.

In the next section we deduce some basic estimates and prove that (1.4) holds for ug in a
small neighborhood of the origin of LP(R3) N L#(R3). In Section 3 we consider the perturbed

problem. In the last section we complete the proof of Theorem 1.3.

2 Some basic estimates

In this section we deduce some basic estimates and prove that (1.4) holds for up in a small
neighborhood of the origin of LP(R3) N L?(R3).
We shall frequently use the following inequality: For any 2 < p < oo,

fulfy <€ [ fu@)* Vuto)Pds, (2.1)

where C is a positive constant depending only on p. This follows from the well-known Sobolev

embedding inequality

1 1 1
||9D||LT(IR") < C(”vQ)HVSDHLq(Rn) (1 < g <n, = —>



Shangbin Cui 7

applied to ¢ = \ulg, g=2,r=6and n=3.
Lemma 2.1 Let3 <p < co. Letu be a LP N L%-solution of (1.1) on the time interval [0,T).
Then we have that for all 0 <t < T,

p+3

1%HHWH%/}RS!u(t)!7"‘2!Vu(t)!2d:c < CHu”;Tl(/Rg\u(t)\p_z\Vu(t)\2dx> L (22)

where C' is a positive constant depending only on p. Moreover, if 3 < p < oo then we further

have

1d - = =
pa @l +3 [ e [Vu(t)*de <Cllu®)]," (2.3)

Proof: Computing the L? inner product of both sides of the partial differential equations in
(1.1) with |[u|P~2u, we get

/ o - [ulP~2udz — / Au - [uP~udz = —/ PV - (u®u)] - |ulP?udz. (2.4)
R3 R3 R3
We first note that

1
/5tu'!u\p_2udf€ 25/\11!” 20,(|ul*)d /\UV’ Hu(t)Hi, (2.5)
R3 R3

3
—/ Au - [uP~?udz = — Z / |u|p_2uk8]2-ukd:17
R? jh=1"R

3 3
2
_ ) 2 4 ,
—/Rg|u|p |Vu| dm—l—(p—Z)Z/Rg|u|p <Zuk8juk) dx
7j=1 k=1
> / P2 Vulda. (2.6)
R3

Next we note that denoting by L the mapping from 3 x 3 matrix-valued functions to scaler

functions defined by

3
©)= Y RjRi(fin(@)) for A(z) = (fju(x))sxs,

jk=1

where (Rj, Ro, R3) is the Riesz transform, we have
PV -(u®u)]=V-(u®u) - VL(u®u),
so that by integration by parts we get

— / PV - (u®u)] - |[ufP*udz
R?)
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:/ (u®@u) - [Ve (luf?u)ds - / L(u®u) - div(juP~u)dz.
R3 R3

Here the first dot on the right-hand side represents the inner product between matrices, i.e.,
3

(ajk)gxg . (bjk)gxg = Z a;rbjr, and the second one represents the product between scaler
jk=1
functions. Hence, since R;’s are bounded in LP(R?) for any 1 < p < oo and both |V & (Ju[P~2u)|

and |div(|Ju|P~2u)| are bounded by |u[P~2|Vul, by using the Holder inequality we have

- / PV - (u@u)] - |[uff?udz
RS

2 2(p§1) »2 ;ﬂf#
<o( / e umd) 7 / (]u\p_Q\Vu])iﬂﬁpﬁda:) z
R3 R3

p2 2(p—1) p2

1
sc( JusufT ) ( = de ) o /yu\p *|Vufdr )’

<C /|u|pd:17 /|u|P 2d:17 & /|u|p 2 Vul? dm)

By the Holder inequality and the inequality (2.1) we have

p—3 p—3 3
_ )
lull e <l g, < Clull” ( /R a2 Vuld)

p—2

It follows that

p—3 341
- [ B9 e )l Pude <Clal, a2 vupan)
R3 R3

p—1 p+3
<Cllall™ ([ jar?vapds) (2.7)
RS

Substituting (2.5)-(2.7) into (2.4), we see that (2.2) follows. Next, since

1
! / [ulP2|Vu[2dz,
3 s

p+3 p(p—1)

% p—2 2 2p p—3
llly™ ([ jap=*VuPde) <l

from (2.2) we obtain (2.3). O

Lemma 2.2 Let 3 < p < oo. There exists € > 0 such that for any ug € LL(R3) N L2 (R3)
with |[uol|s < g, the following assertions hold:

(1) The solution u(t) = ®(t,ug) is a global LP N L?-solution.

(2) |[u(t)||2, la(®)|lz and |[u(t)||, are monotone decreasing for all t > 0.

(3) There exists positive constant C depending only on p such that

[e¢) p(p 31) 23
/0 (@)l dt < Clluol3 Juo2.
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Proof: The assertion (1) is well-known (see also the argument below). The assertion that
|lu(t)]]2 is monotone decreasing follows from the energy inequality. Next, letting p = 3 in (2.2),

we see that

1d

SO+ [ OIVa©Pde < Cluls | [aolivut)Ps

From this inequality we easily see that if C||lu(t)||s < 1, then ||u(t)||s is monotone decreasing.

Thus, if Cljugl||s < 1 then u is global and ||u(t)||3 is monotone decreasing. Besides, since

2 73 2

= = A1
fully <l <l ([ Jup-?oupas)

from (2.2) we obtain

Sl [ jaoPvaiPds < Cluls [ Jaorvu P

1
It follows that if Clju(t)||s < 3 then

! P4 )P4 Vu x —u p
(ol + //|u P2V u(t)2ddt < - [u|.

1
Hence, if Cllugl|s < 2 then |lu(t)||, is monotone decreasing. Finally, from (2.1) and the above

inequality we have

/ la(®)|2 dt<c/ /\u P2 |Vu(t)|2dadt < Cllug|2.
0

Hence, using the Holder inequality and the fact that ||u(t)||3 is monotone decreasing, we get

[e%} p(pfgl) 0 271?3
/0 la(®)ll,”* dt < /0 la(®)13° [la(®) [, dt

2p OO
S T
2_po
< Clluoll3 w2,

This proves the assertion (3). O

Lemma 2.3 Let 3 < p < oco. Assume that u is a global LP N L%-solution of the problem
(1.1) and there ezists a constant Clry(ug)] > 0 depending only on k,(ug) (not on the specific
ug) such that

o] p(p—1)
/0 [u®)llp”* dt < Clrp(uo)]|luolf}- (2.8)
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Then for some similar but possibly larger constant C[kp(ug)] > 0 we have the following estimates:

sup Ju(®)[5 < Clrp(uo)][[uolf?, (2.9)
AMAJMW*Wmm%mwumumm%w, (2.10)
/0 ) [u(t)[l5,dt < Clrp(uo)]|uol2, (2.11)

| Il < Cleyo 2.12)

sup Ju(t)|ls < Clrp(uo)]. (2.13)

Proof: (2.9) and (2.10) are immediate consequences of (2.3) and (2.8), and (2.11) follows
from (2.1) and (2.10). Next, by using (2.1) for p = 2 and the energy inequality we get

/0 () [5dt < C/O IVu(#)|3dt < Cluoll3.

Hence, using the Holder inequality, the above inequality, and the inequality (2.11) we see that

o) 5 o) %Vﬁ) J%
A W@%ﬁéA ()l a3 dt

4mem@@5%4www@WV”

2(p—3) P

<Clrp(uo)luolly"™* fuollp™.

2(p—3) P

Since |[ug|l,” 2 [luollf ™ = [kp(up)]?, we obtain (2.12). Finally, (2.13) follows from (2.9) and
the Holder and energy inequalities. O

3 The perturbed problem

Let 3 <p < oo. Let v=v(t) (0 <t< +0c0) be a global LP N L%-solution of the problem (1.1)
with initial data vo € LE(R3) N L2 (R3), satisfying the following condition:

00 p(p—1)
/0 Iv(Ollp"™ dt < Clrp(vo)lllvollb, (3.1)

where C[kp(vp)] is a positive constant depending only on the r,-value of v (not on the specific
vp). We want to prove that there exists € > 0 such that if ug € L5(R3) N L2 (R3) satisfies

[ug — vollp + [luo — voll2 <,
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then u(t) = ®(¢,ug) is also a global LP N L2-solution satisfying a similar estimate.

Let wy = ug — vg and consider the initial value problem:

(3.2)

oW —Aw + P2V - (ves;w)+ V- (wew) =0, z€R3 t>0,
W = W, zeR3, t=0,

1
where v @, w = §(v ®@w +w ®v). Clearly, if w is a LP N L2-solution of this problem, then

v +w is a LP N L%-solution of the problem (1.1) with initial data ug, so that u = v + w. We
shall prove that there exists € > 0, such that for any wo € L%, (R3) N L2 (R3) satisfying

[woll, <& and [[woll2 <&,

the above problem has a unique global LPNL2-solution w € Cy([0, o00), LP (R3)NL2(R?)) satisfying
some nice estimates.

By virtue of Lemma 2.3, (3.1) implies that the following estimate holds:

/0 " v 3dt < Cliy(vo)) (3:3)

Lemma 3.1 Let 3 < p < oo. Let v = v(t) be a global LP N L?-solution of the problem
(1.1) with initial data vo € LE(R3) N L2(R3), satisfying the condition (3.1). Then there exists
e > 0 such that for any wo € L3(R®) with ||wol|3 < £, the problem (3.2) has a unique global
L3-solution w € C([0,00), L>(R3)) satisfying the following estimate:

iggHW(t)Hs < Clrp(vo)]llwolls- (3.4)

Proof: By a standard Banach fixed point argument, we can easily prove that the problem
(3.2) is locally well-posed in L3(R?). Thus, we only need to prove the estimate (3.4), because if
this is proved then it follows immediately that the solution is global.

Computing the L? inner product of both sides the equations in (3.2) with |w|w, we get
/ ow - |w|wdz — / Aw - |w|wdx
R3 R3
=— 2/ PV - (v®sw)| - |w|lwde — / PV (w®w)] - |w|lwdz. (3.5)
R3 R3
We have
( / PV - (v @, w)] - |W|Wdaj‘
R3

gc/ (v @, w| + | L(v @5 w)|] - |w]|Vw]dz
R?)
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1 1
gc(/ v ®8W]2\w\da;>2(/ [wilVwl2dz)*
R3 R3
. :
<Cllv e, wlglwls ( [ [wlvwpde)
4 R3
2
<Cllallwls ([ [wlvPdr)’
R
1
<CIvIgIwl + 1 [ Iwivwfs,
R3
and, similarly,
‘/ (w 4 w)] - [wlwdz| < cuwug/ ]|V 2da.
R3 R3
Hence, similarly as in the proof of Lemma 2.1 we see that (3.5) implies that

sl [ wlvefds < CIVEIwEE + (5 + Cllwls) | [wlvefs

1
It follows that if C||w]|z < 1 then

1d 1
5w+ 5 [ wlvwide < OV,

so that by (3.3) we have

[w(t)]13 + / / |w(t)||Vw(t)2dzdt < ||woll5e 3C [ Iv@)lI3dt < [wolle 3C[sp(vo)]

1
by which (3.4) follows. Note that in order for the condition C||w(t)||s < 1 to be satisfied for all
1

t > 0, we only need to have OHWOng [kp(vo)l < = T 0O

Lemma 3.2 Let the conditions in Lemma 3.1 be satisfied. Then there exists € > 0 such that
for any wo € LZ(R3) N LE(R3) with ||[woll2 < € and ||woll, < &, the problem (3.2) has a unique
global LP N L?-solution w € Cy([0, 00), LY, (R3) N L2 (R3)), satisfying the following estimates:

iggHW(t)H% +/0 IVw(®)3dt < [lwol3 + Clrp(vo)ll[woll3lIvoll3. (3.6)

suplw(Ol+ [ [ w2 9w(o) st < ol + Clisvollwollvoll, (37

oo p(p—1)
/0 [w(®)llp"* dt < Clap(vo)l([[wollh + [Iwoll5[voll})- (3.8)

Proof: Global existence of the solution w follows from Lemma 3.1 and a standard result on

local existence of the solution. Thus we only need to prove the estimates (3.6)—(3.8). Since we



Shangbin Cui 13

shall not use (3.6) later on, we only give the proofs of (3.7) and (3.8), and leave the proof of
(3.6) to the reader as an exercise.

By some similar argument as in the proof of Lemma 2.1, we have the following inequality:

—inw(wu% / [w(t) P2 Vw(t)|2de

+
<CIMwl™ ([ wop-2vs(ofr)
B3
+Clwl® ([ P2 vwoPar)
Since
2 p—3 2 p—3
Ivllp < VI IV liwlly < Wl wlidy (39)
we get
d _
SOl [ o Tw P
73 73 (2p 3)1 ) ) p2_+3
— r
<CIVIE Il Il Il ([ w29 w(opas)

P+3

+Clwlsllwly ([ wOP2vw i)

p%—2p+3

<CINIFT I ([ o2 viopas) ( ([ Jwor-2owia) =

+ Cllwlis / w(t)P2 Vw(t) ?de
<CIvIE Wi / VO 2TV dr + (G +Clwls / w2 Vw(t)2de.
. 1
Hence, if C||w||s < 2 then

L el + 5 [ wOPTw P < CvOIF T IOl [ voPvvoPds

Integrating this inequality and using Lemmas 2.3 and 3.1, we see that (3.7) follows. The estimate
(3.8) follows from the second inequality in (3.9), (3.4), (2.1) and (3.7). O

4 The proof of Theorem 1.3

Let 3 < p < oo be given. We denote by G, the set of all ug € L%, (R?) N L2 (R?) such that
the problem (1.1) has a global LP N L?-solution u = u(t) satisfying the following estimate:

e’} p(p—1)
/0 la(t)," dt < Clisp(uo)] o] (4.1)
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In what follows we prove the following two assertions:

Assertion 1: G, is open (as a subset of LL,(R3) N L2 (R3)).
Assertion 2: G, is closed (as a subset of LE,(R?) N L2 (R?)).

To prove Assertion 1 we let vo € Gp. If vo = 0 then by Lemma 2.2 we see that there is a
neighborhood of v which is contained in G,. We now assume that vg # 0, so that ||vgl[, > 0,
[voll2 > 0. It follows by Lemma 3.2 that there exists ¢ > 0 sufficiently small, such that for
any wo € LL(R3) N L2(R3) satisfying the conditions ||woll, < €|lvoll, and ||[woll2 < €[[voll2,
the problem (3.2) has a unique global solution LP N L%-solution w = w(t) which satisfies the
estimates (3.6)—(3.8). Hence, if ug € LL(R3)N L2 (R3) is so close to vo that |[ug —voll, < gvoll,
and |lup — voll2 < €||[vol|2, then by letting wo = ug — vo and then letting u(t) = v(t) + w(t) for
all t > 0, we obtain a global LP N L%-solution u = u(t) of the problem (1.1) with initial data uy.
The estimate (4.1) follows from (3.1) and (3.8) by using the inequalities

(1- E)H"O”p < ”uOHP <1+ E)”VOHP

and choosing ¢ sufficiently small. To prove Assertion 2 we let {ug,};>; be a sequence in G,
converging to ug in L5(R3) N L2(R?). Let u, = u,(t) be the global LP N L?-solution of (1.1)
with initial data ug,, n =1,2,---, and let u = u(t) be the maximally extended L N L?-solution
of (1.1) with initial data ug. By continuous dependence of the solution of (1.1) on the initial

data, we see that for any 0 < 7' < T, where 7™ denotes the lifespan of u = u(t), we have
u, — u strongly in C([0,T], LP (R?) N L2 (R?))
as n — 0o. Hence, by first letting n — oo in the inequalities

sSup Hun(t)HPSM7 TL:172,"' )
0<t<T

where M = sup C|kp(uop)]||uon ||, < 0o, and then letting T — T, we see that u = u(t) cannot
n

blow-up at any finite time, so that it is a global LP? N L%-solution. Moreover, by letting n — oo

in the inequalities

00 p(p—1)
/0 [un (@)l dt < Clrp(aon)]l[vonllp, n=1,2,--,

we see that (4.1) holds. Hence ug € Gp.
Having proved the above two assertions, we conclude that G, = L (R3) N L2(R?), and
Theorem 1.3 follows. O

Remark 4.1: Theorem 1.3 can be immediately extended to the general N-dimension case.

To see this we only need to replace all the estimates established in previous two sections with
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their N-dimensional counterparts. We use the same equation number with ’ to mark these

estimates:

1d » p—2 2 14258 p—2 2.\ % /
_d_Hu(t)Hp + [ [u@®P7Vu@)|["dz < Cllullp ( [u(@®)[P~*[Vu(t)] dl’) , (22
p t R3 RN

1d » 1 b2 9 p(p;iNN+2)
Sl +5 [ @ Vut)fde < Clla@)]lp -
D t RN

2

o} p(p—N+2)
tt [ a7 de < Cliy(an)]uolf,  then
0

sup [[u(t)|[; < Clrp(uo)lfuollp,
t>0

/ N / u(t) P2 Vu(t)2dzdt < Clry(up)]lluo2,
0 RN

/ Ja(6)|fPy dt < Clrp(0)] 0],
0 N-—-2

o) N 00 p(N—2) 2(p—N)
/ Ja(t)]|Ne dt < / @l &7 @)l A dt < Clry(uo),
0 N—2 0 N—2 N—2

sup [fu(t)|x < Clrp(uo)]

e’} p(p—N+2)
It / WOl "~ dt < Clap(uo)]|[vollZ, then
0

sup [w(t)||xy < Clxp(vo)l[[wollwn,
>0

oo
iggHW(t)H% +/0 IVw(t)]13dt < [[woll3 + Clrp(vo)lllwollFl|voll3.

(2.10)’

(2.11)

(2.12)

(2.13)

(3.6)’

suplw(nl+ [ [ Il 2w Pzt < woll + Cliy (o)l Iwollyvall. (37)

o0 p(pfl\;\;r?)
/0 w®)llp 7 dt < Clrp(vo)]([wollhy + [[woll Ivoll})-

(3.8)
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