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INTRODUCTION

Let viscous incompressible liquid occupy a volume~ of three-dimensional
Euclideanspace E3. Introducinga Cartesianorthogonalframexl, x2, x3 in E3, we
denote a point (xl, x2, x3) by x. Let us denote the velocity and pressure of the
liquid at the pointx andat the instant t byv(x, t) andp(x, t), respectively,v~(x, t),
i-- 1, 2, 3, being the projections of the velocity on axes x~. The scale maybe
chosenin such a waythat the density is equal to unity. Thenaccording to the
Navier-Stokes
theory the motionof the liquid causedby external forces f(x, t) will
be describedby the followingsystemof four equations:
3

v~-vAv+~ vkv~,~ = -gradp+f,

(1)

k=l

div v = 0.

(2)
Here v, and vx~ are derivatives of v with respect to time and space coordinates
respectively; Av= ~=1 v~x, is the Laplacianoperator; v = const is the kinematic
viscosity coefficient; and div v = ~,=1 Vkx~.It is also assumedthat the no-slip
conditionat the boundaryc~ of the domainfl is satisfied, that is, that the liquid
velocity at each point of the boundaryc3~coincideswith the velocity of this point
of the boundary.If the vessel containingthe liquid does not move,this condition
takes the form:
vl~ = 0

(30
If the vessel does move,but in such a waythat the volume~ occupiedin E3
does not change(for example,if ~ is axially symmetrical),one obtains for the
no-slip condition
vlon= b,

(32)

whereb(x, t) is the boundaryvelocity.
249
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Werestrict ourselves to these two cases. The general situation in which the
vessel movesarbitrarily but retains its form maybe treated in a similar way.
It is generally accepted that (1), (2) with conditions (3k) (k = 1 or 2)
complete description of the motion of the liquid, that is, if at the momentt = to
one knowsthe velocity field v(x, to), then p(x, t) and v(x, t) at later momentsare
uniquely given for x ~ ~ = f/~9f/by the solution of the system (1), (2) that satisfies
the boundaryconditions (3k) (k = 1 or 2). With no loss of generality let us assume
that we knowthe velocity field at the momentto = 0 :
(4)

vl,= 0 = a(x).

One of the principal questions discussed in this paper (Sect. 2) is whether the
system (1), (2) with the boundaryconditions (3k) (k = 1 or 2) and initial condition
(4) does indeed define v(x, t) p(x, t) for t >__ 0 and does so uniquely (the f ields
f, a, and b are known).
It may be seen immediately that if v(x, t) and p(x, t) satisfy all the above
requirements they are also satisfied by v(x, t) and p(x, t)+c(t), where c(t) is an
arbitrary function of time since the system (1), (2) contains only the space derivatives of p(x, t). For completedetermination of p(x, t) one has to knowits value in
someone point x(t) at all t __> 0. In discussing the uniqueness of solution to the
problem(I)-(4) we shall assume p(x, t) to contain an arbitrary summand
c(t).
Thesecond question to be discussed here (Sect. 3) is the problemof the existence
of stationary flows, that is, the solvability of the boundary-valueproblem:
3

-vAv+ ~ VkVxk = --gradp+f,
k=l

div v = 0,

(5)

vl~t~ = b.

In this case f and b are obviously independentof t.
The main results of the linearized problems are given in Sect. 4. The following
paragraphs(Sections 5-7) are devoted to the stability theory for the system(1),
to justification of the linearization principle, to the emergenceof secondary flows,
and to the description of the limit (t-~ ~) states. The issue of possible indeterminacy of the description of the dynamics in the Navier-Stokes theory and
the search for some additional principle that enables one to determine the
averaged flow is discussed in Sect. 8. In Sect. 9 we suggest some numerical
experiments for powerful computers that may provide insight into the properties of
the Navier-Stokes equations.
Some generalizations of the Navier-Stokes equations that satisfy Stokes’
postulates are given in Sect. 10. Such generalized equations do provide a
description of the dynamics of viscous incompressible liquids that is free from
indeterminacy. Finally, Sect. 11 contains a concise history of the problem.
2

THEOREMS

OF EXISTENCE

AND UNIQUENESS

The first question posed in Sect. 1 has been st~ccessfully solved for two-dimensional
flows, moreprecisely, for the following three cases:
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1. Let f~ be a cylinder with an arbitrary base. Choosethe coordinate frame in
E3 in such a way that f~ is determined by the following conditions: f~ =
{x :(xl, x2) D,x3 ~ (- ~, ~)}Let also the vectors f = ( fl ,f 2,f3) and a
from (1) and (4) be independent of xa. Then the problem (1), (2), (30,
unique solution v(x, t), p(x, t) for xe f), t > 0, with v and p also independent of
xa. For any finite interval of time [0, T] the solution is continuously dependenton
f and a. The smoothness of the solution is determined by the smoothness of the
boundary.andthe vector-functions f and a as well as the order of the compatibility
of the problem’s input data. As the smoothnessof these data and the order of their
compatibility increases so does the smoothnessof the solution. These conclusions
are also valid for the boundary condition (32) as well as for general boundary
conditions. The above statements must be madeexplicit by indicating the degree of
smoothnessof f, a, b, and 8Drequired for a particular smoothnessof the solution.
The statement on the continuity of dependenceof v, p on f, a, and b also requires
detailing. All of these problemsare well studied and there are estimates for v, p as a
functional of f, a, b, D, and their deviations as a result of perturbations introduced
into f, a, b. Weshall elaborate no more on this case here. The main results with
their proofs may be found in Chap. VI of Ladyzhenskaya (1970) (see also
Ladyzhenskaya 1958), It should be noted that the base D may be both bounded
and unboundedin E2, including the case of the whole E2.
2. A second case, which follows, has also been studied with respect to unique
solvability. Let ~) be a domainof Ea obtained by rotation around the axis xa of
two-dimensional domain D situated in the half-plane {x:x2 = 0, xl > 0} and
separated from xa by a positive distance. Introduce cylindrical coordinates in
Ea(r, O, z), z = xa, and let all vector-functions be represented by their cylindrical
components,for example, v = (vr, v°, v~’). Then, provided such componentsof f and
a are 0-independent, the problem (1), (2), (30, (4) has a unique solution
(v’, °, vZ), pthat is also 0-independent. All
the assertions of case1 arealso valid for
this case (see Ladyzhenskaya1970, Chap. VI, and 1958).
3. In this case let us introduce cylindrical coordinates in E3 and represent all the
vector fields by their cylindrical componentsin a way similar to the second case.
Then if f~ is the whole E3 and if the cylindrical components of f and a are
0-independent with fo= ao =_ 0, then the problem (1), (2), (4) (i.e. the
problem) is uniquely solvable in Ea for all t _>_0 with v and p being 0-independent
and v° = O. All the other assertions of case 1 are also valid here (Ladyzhenskaya
1970, Chap. VI, and 1968b).
Thus in the above three cases, which we call two-dimensional, equations (1), (2)
with the boundary conditions indeed completely determine the evolution of the
system. Alas, for the general three-dimensional flows we cannot be sure of this. Let
us start with the description of what has been rigorously proved. First, it has been
proved that for f, a, and 3f~ with a certain smoothness and compatibility the
problem (1)-(4) does have a unique solution over a certain time interval [0,
The value of T depends on a quantity that may be naturally called "the
generalized Reynolds number" Re. For Re -~ ~ the value of T goes to zero and
for Re smaller than a certain value Re° > 0, T becomesinfinite (that is, the unique
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solution extends over all positive times) (see Kiselev & Ladyzhenskaya1957 and
Ladyzhenskaya 1970, Chap. VI).
If the system (1), (2) has a "reasonably good" solution v°(x, t) over someinterval
[0, z], then this system is uniquely solvable over the sameinterval for all initial
and boundaryconditions for v close to v°(x, 0) and v°10n respectively.
The above assertion requires detailing. Several theorems of this kind are proved
in Chap. VI of Ladyzhenskaya (1970). In a number of other papers there are
different variants of these theorems (see Prodi 1959, 1962; Lions 1959; Serrin 1959,
!962, 1963; Kato & Fujita 1962; Solonnikov 1964b,c; Sobolevskii 1964; etc), but
the mainresults are generally the same. Noincrease in the smoothnessof f, a, and
Of~ (even their analyticity) and the order of compatibility enables one to prove the
unique solvability of the problem (1)-(4) for all t => 0 in any functional space,
provided the Reynolds numberis not small. This problem focuses on one question :
are there such instants whenthe velocity becomesinfinite’? If there are no such
instants, that is, if supx~Iv(x, t) I is finite for any t >= 0 (in other wordsif a smooth
field of velocities a under the action of a smoothfield of forces f does not collapse
at any instant of time, that is, if Iv(x, t)l does not becomeinfinite) then (1) and
with the no-slip conditions are sufficient for complete determination of the
evolutionof an initial velocity field.
There are finer criteria for unique solvability of the problem(1)-(4) "in the large"
(that is, for any time interval and any Reynoldsnumbers)(see theorem 12’, Sect.
Chap. VI of Ladyzhenskaya1970). Thus, for example, in the case of a bounded f~
it is sufficient to knowthat for all possible smooth solutions v(x, t, 2) of the
problems
vt- vz~v+ 2 ~ vk v~ = - grad p + f,
k=l

div v = 0,

vl~n = 0,

one of the norms

,q >3,
for all te [0, T] does not exceed a constant C(T) that must depend on!y on norms
of f and a, the value of T, and on characteristics of f~. These criteria of unique
solvability of the problem(1)-(4) allowthe values of I v~,(x, t) l and evenof Iv(x, I
to becomeinfinite for somepoints of time-space but in such a waythat one of the
above mentionednorms stays finite for all t ~ [0, T]. If one of these criteria is
satisfied, it insures the unique solvability of the problem, and its solution will be
finite and smooth everywhere if only f, a, and ~f~ are smooth and the necessary
conditions of compatibility are satisfied.
The majority of hydrodynamicians believe that the presence of the term - ray,
responsible for the viscosity in (1), leads to smoothing of the flow. However,
one has proved it as yet and we think that for general three-dimensional flows
and large Reynolds numbers this does not hold. In Sect. 8 we return to the
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discussion of the sufficiency of (1) and (2) and the conditions (3k) for the determination of the evolution of the initial flows a(x). Wenowpresent the results relevant
to problem(5).
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3

ON THE

SOLVABILITY

OF STATIONARY

PROBLEMS

This section is devoted to the question of the solvability of (5) whenthe forces
and boundary flow b are time-independent. Let for the time being f~ be a bounded
domain of E3. Its boundary Of 2 may consist of a number of separate closed
surfaces St, i = 1,..., N (Of~= ~{=1 St). Let the field b, knownon all St, i = 1,...,
satisfy the conditions
Jl ---- {" (b, n) ds = O, i = 1,...,

N.

(6)

Here n is a unit normal to St directed out of f~. It should be noted that the
equality ~v= 1 j~ = 0 is a negessarycondition of the solvability of (5) since
div v dx = 0 =

(b, n) ds = ~ j~.
i=1

Theconditions (6) are definitely satisfied in the problemof flow about N- 1 bodies
inside a certain enveloping surface. It has been proved that (5) when the
conditions (6) are satisfied has at least one solution v, p. The smoothnessof any
solution to this problem at an arbitrary point x° inside f~ is determined only by
the smoothnessof the field f in the vicinity of this point while its behaviour at a
boundary point x° depends also on the smoothness of both b and ~ in the
vicinity of x°. Here we also skip detailed formulations but point out that the
boundary surfaces St need not be smooth (see Leray 1933, Ladyzhenskaya 1959,
1970, Vorovich & Yudovich1961, and H. Fujita 1961).
Solutions guaranteed by these theorems may naturally be called laminar since
v(x) and p(x) are smoothwithin f~ providedf(x) is smooth.Theyexist for arbitrarily
large Reynolds numbers. This fact seemed to contradict experiments in which
laminar flows disappear for sufficiently large Reynolds numbers. In light of the
above the fact that laminar flows for large Reynolds numbers are not observed
should be attributed not to their absence but to their instability. The conditions
(6) may be softened : the right-hand sides need not be zero. However,to prove the
solvability of (5) one has to require that they are "sufficiently small." It is not known
whether this restriction
may be removed and replaced by the only necessary
condition ~v~ 1 j~ = 0. For plane problems in bounded domains analogous results
have been obtained.
Another important question is that of the numberof possible solutions to (5).
For "small" Reynolds numbers the solution is unique. It seems natural to expect
the appearance of other and even infinitely manysolutions for large Reynolds
numbers. The examples of nonlinear elliptic boundary problems make such an
expectation reasonable. However, no example of a bounded domain f~ with
consisting of a single componentis yet knownfor which (5) has even two different
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solutions for any f and b. There are only two examples of non-uniqueness of the
solutions to (5). One is that of a plane problemoutside the unit circle (see
preface to the second American edition of Ladyzhenskaya1970). In that case
continuumset of solutions to (5) with -- 0, depending on oneparameter, sati sfy
the same boundary condition and go to zero with Ix I --. ~. The other example (see
Yudovich1967)is that of a plane annulus 0 < Pl <=(x~ + x~)1/2 <=P2, within which
f and b for which at least two different solutions exist have been indicated. The
conditions (6) are not satisfied in both these examples.
Consider now unbounded domains. Attention has been given mostly to the
problem of N boundedimmobile rigid bodies ~i, i = 1 ..... N, in E3 situated in a
flow reaching a constant velocity v* as [x[ ~ ~ (though there are a number of
results for more general formulations of the problem). This problem consists of
finding functions v(x), p(x) whichsatisfy in fl = E ~\~ i~ 1 ~"~i the followingsystem
of equations :
3
- ray + Z vk vx, = - grad p,
div v = 0,

(7)

t~3gether with the boundaryconditions

vl~n=0
at ~t2 = ~= x O~i and
lim v(x) = ~ =const

(8)
(9)

at infinity. The proof of the existence of at least one solution to it for which the
Dirichlet integral

is finite is comparatively simple (~eray 1933, Ladyzhenskaya1959 and 1970, Chap.
V). This solution is infinitely differentiable inside fl and ~(x) approaches ~
lxl ~ m uniformly with respect to all directions. Its smoothness ~ the boundary
points depends only on the smoothness of the part of the boundary adjacent to
these points (these results do not changeif (8) is replaced
vl~a = b

(10)

provided~ai (b, n) ds = O, i = 1, ..., N).
However, for such a solution no other characteristics
of the behavior of
v(x) for [xl ~ ~ have been obta~ed : in particular it is not knownhow rapidly
v(x) approaches ~ when xgoes to ~ alo ng var ious dir ections. It wasnatural to
expect that in the case of a single body ~ there would be a "parabolic ta~"
s~etching behind it in the d~ection of v~, and that v(x) approaches ~ much
faster outside this tail than within it. These and other important aspects of the
behavior of the field v(x) for I ~ ~ were th e subject of studies by Finn (1965).
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He has proved the existence of the unique classical solution to (7)-(9) in the
N = 1, provided Iv ~] is sufficiently
small, and has studied its asymptotic
behavior through the development of the classical methods of the theory of the
potential. He has done it also for the inhomogeneousboundary condition (10),
provided]b I and’ Iv°~] are suff~ciently small. For arbitrary b and v® these questions
are still left open.
For plane-parallel flows the flow problems proved to be more difficult. The
analysis of the well-known Stokes paradox for the two-dimensional linearized
equation ray = grad p {here Av = ~= 1 vx~k and v = [vl(xl, -Y2), u2(x1, X2)]} have
shownthat (9) must be replaced by the requirement of finiteness of either Iv(x)]
]xI ~ o~ or the integral

E

i,k= 1

This has made it unclear whether a condition of the same type as (9) should
required at infinity for complete equations such as (7). Finn 8: Smith (196"I)
shownthat conditions of the type (9) are necessary and have proved the solvability
of (7~(9) for N = 1 and plane-parallel flows provided~° i s s ufficiently s mall.
4

LINEARIZED

PROBLEMS

The problems discussed in Sections 2 and 3 were preceded by the analysis
linearized Navier-Stokesequations and, first of all, their Stokes linearizations :
u~- vAu= -grad p+ f(x, t),

div u =

of
(11)

and
-vAu = -grad p+f(x),

divu -

(12)

The same questions were studied for (11) and (12) as for the complete NavierStokes system. Moreover,for the case of steady flow the spectral problem
vAu- grad q =
div u = 0,

ul~n = 0,

(13)

has been investigated. Here 2 is the spectral (possibly complex) parameter. It
necessary to find those values of 2 that correspond to non-trivial (that is, other
than identically zero) solutions. Such values of 2 constitute the spectrum of the
problemand corresponding solutions are called eigen-elements. System(11) has been
extensively analyzed. The results resemble those obtained for the heat equation. But
there are also important differences. For example, there is the so-called maximum
principle for solutions of the heat equation, whichis not valid for system (11) and
no analogues to it have been found. Manyresults for system (12) resemble those
of the Poisson equation, Au = f, and the properties of the spectral problem (13)
are similar to those of Au= 2u, ulm = 0 for the A operator. In particular, for the
boundedregion fl the spectrum of problem (13) consists of a countable number
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negativevalues {2k)whichmaybe ordered: 0 > 21 >=22 _> .... Each2k is of finite
multiplicityand).k goesto minusinfinity as k -, ~. Weshall not includehere results
for all the above mentionedproblems, which maybe found in Ladyzhenskaya
(1970). Part of themhave beenobtainedby F. K. G. Odqvist(1930). Therest
back to the 1950sand early 1960s (Ladyzhenskaya1970; Golovkin&Solonnikov
1961; Solonnikov1960, 1964a,b,c,1966;Cattabriga 1961;Kato&Fujita 1962etc).
The nonlinear problems required the study of other linearizations of the
Navier-Stokesequations:
3

ut- vAu+ ~, Ck(X,t)ux~+ C(x,t)u = - gradq + f(x,
k=l

div u = 0,

(14)

3

-vAu+~ Ck(X)U~,k+C(x)u= -grad q+f(x),
k=l

div u = 0

(15)

and
3

vAu-~ Ck(X)U:,~--C(x)u-- grad q
k=~
div u = 0, u[~n= 0.

(16)

Here e = (Cl, c:, c3) is a knownvector-function and C a knownmatrix with
variable elements in the general case. One comesacross such equations for
examplein the theory of stability (see Sections5 and 6). For (14) the question
uniquesolvability of initial-boundary-valueproblems(roughlyspeakingthey always
are uniquely solvable) has been rather extensively studied and quite useful
estimates both for the Greenfunction and for the solutions havebeen obtained.
This was carried out for both boundedand unboundeddomainsf~. The boundary
conditions of the type u[~n= b(x, t) were used for the most part, but periodic
boundaryconditions (either on the wholeor on somepart of the boundary)may
be analogouslytreated.
Problem(15) has been investigated mostly for boundeddomainsthoughthere
are someresults for unboundedones. It maybe said that the final results are
similar to those for a single scalar elliptic equation of the secondorder. The
spectral problem(16) has been studied considerably less, although it is quite
importantfor the theory of stability of Navier-Stokesequations. For firbitrary
boundeddomain~ the only thing knownabout it is that its spectrumconsists of
an infinite number
ofeigenvalues{).k} whichmaybe orderedso that 121]=<I).21 N...
and 12~]-~ ~ whenk ~ oo with each 2~ having a finite rank. The eigenvalues
maybe complex
and are situated withinthe parabola:{2 - 2’ + i2", 2’ < C~+ C: 2"2}.
The constants C~and Cz maybe expressed in terms of the coefficients c~(x) and
C(x) and f~. However,such a description of the spectrumignores the specifics
concretecoefficients and turns out to be too crude for the analysis of stability and
bifurcation problems. The spectral problemscorresponding to all knownflows
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studied in the hydrodynamicaltheory of stability turn out not to be selfadjoint.
Functional analysis contains a comparatively large numberof results pertinent to
selfadjoint problemswhile the few results obtained for the nonselfadjoint ones are
of little value for problemsof the type (16). For example, in these latter problems
no criteria are knownfor the existence of at least one real eigenvalue or for the
minimum-real-parteigenvalue to be either real or imaginary. Lackof results of this
kind makesone invest special methodsfor each particular case of Ck(X), k = 1, 2,
and C(x), some of which are to be found in’Sect. 6. It should be noted that the
main difficulties in the study of the properties of (14) and (15) mentioned above
are mainly overcome already at the first stage in the investigation of these
properties for systems (11) and (12) respectively. The presence of "minor terms"
in (14) does not affect such properties as the unique solvability of initial-boundaryvalue problems for (14) or qualitative properties of its solutions (provided,
course, c and C are "not too discontinuous"). Such terms even cannot "spoil"
the Fredholm solvability of boundary problems for (15) within a bounded domain
ft. However,c and C becomeessential for the asymptotics of solutions at large
t or Ixl (if f~ is unbounded).Results obtained concerning these matters are rather
sparse (see Ladyzhenskaya 1970, Finn & Smith 1967, V. A. Solonnikov 1964b,c,
1973, and Panich 1962).
5 STABILITY
PROBLEMS.
OF LINEARIZATION

THE PRINCIPLE

This section deals with three-dimensional flows within a boundedregion with only
the initial field of velocities being varied. Theboundaryvalues of v are taken to be
knownand fixed. The cases of periodic boundary conditions (either on the whole or
on some part of the boundary) and changes of the flow caused by varying,f or
maybe treated in a similar way. Everything we assert for three-dimensional flows
is also valid in two dimensions. The stability problemsdiscussed in this paragraph
have not been considered for unboundeddomains, though in a numberof important
cases they do yield to analysis. Let system (1), (2) possess within f~ a solution
v(x, t), p(x, determined for al l t =>0. Weconcern our selves wit h the question
whetherthe field v(x, t) is stable with respect to s~nall perturbations of v(x, 0). Denote
as v’(x, t), p’(x, t) the solution of the samesystem(1), (2) with boundaryconditions
v[0a = v’[0n and initial conditionv’(x, 0) = v(x, 0)+a(x). If it does exist, the difference
u(x, t) = v’(x, t)- v(x, t) is the solution to the problem
3

3

u~-vAu+~ u~u~k+ ~ (V~Ux~+UkVxk)= -gradq,
k=1
k=a
div u =- 0, ulen = 0,
nit=0 = a.

(17)

Consider the corresponding linearized problem :
3

w~-- vAw+
~ (v~ w:~ + w~v~,) = -- grad
div w = 0,

wle, = 0,

w[t=o = a.

(18)
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It has been proved that (18) is un)quelysolvable, over all t __>0 and any a(x)
as in the rest of this paper we indicate the degree of smoothness of neither the
data nor the solutions under consideration. In this section the most beautiful results
are those obtained in the class of solutions possessing the so-called generalized
derivatives that enter (1), (2).and are square summableover (x, t)~ f~× (0,
every T < o~).
Assumethat for the studied field v(x, t) the following holds

su~_~ v(x,t)[2+
Y~~L,(x,t)
Then, provided all solutions w(x, t) to (18) that correspond to various a(x)
exponentially as t ~ ~, (17) is uniquely solvable over t ~ 0 for any su~ciently
small a(x), and its solutions also decay exponentially as t ~ ~. Thus, such behavior
of solutions to (18) insures stability of the consideredsolution v(x, t) [including
existence of solutions v’(x, t) for all t ~ 0 withv’(x, 0) close to v(x,
However, the stability ~iterion for v(x, t) presented above (Ladyzhenskaya
Solonnikov1973) practically can not be tested. Criteria of stability for the cases of
steady v(x) and periodic v(x, t) that follow from it are somewhatsimpler. For
steady ~lutions it is formulated in the following way. Consider the spectr~
problem(18) that corresponds to the solution v(x):
3
vAz--

~ (v k Zxk + Zk Vxk )-

k=~
div z = 0,

zl~a = 0.

grad if’ = 2z,
(19)

If all the spectrum{2k}of this problemis in the left half-pl~e (i.e. all Re2k ~ C < 0),
solution v(x) is stable. This stability criterion, well knownfor the systems
ordinary differential equations, has by now been prov~ for the Navier-Stokes
system (Prodi 1962, Sattinger 1970, and Yudovich 1965b). It has also b~n proved
that if the real part of at least one of the eigenvalues of problem(19) is positive,
solution v(x)is unstable (Sattinger 1970, Yudovich1965b). Moreover,if the spectrum
{2k} is Situated on both sides of the imaginary axis and Re 2~ = 0 for no A~, then
in a small vicinity K~: {u(x): Ilu<
)-v<
)ll ~) of the "point" v(x) there are
invariant manifolds ~ and ~2 passing through the "point" v(x) such that the
trajectories v’(x, t) (solutions), originating (at the initial momentt = 0) from
points of manifold ~ nntil a certain momentt’ > 0 [which depends on v’(x, 0)]
stay within ~ and then leave the vicinity K,. These trajectories exist for all
t < 0 and go to v(x) as t ~ - ~. Trajectories originating on ~2 stay within it and
go to v(x) as t ~ ~. Andfinally, trajectories originating on other "points" of
leave it after a w~le.
Analogousresults were obtained also for periodic solutions v(x, t), both induced
and auto-oscillating.
All this has been proved not only for the Navier-Stokes
equations (see Yudovich 1970a, 1970b) but also for a numberof problems of heat
convection and magnetic hydrodynamics of viscous incompressible liquids
(Ladyzhenskaya & Solonnikov 1973). From a purely mathematical po~t of view
these results look fine but they hardly lend themselves to test, even in the simpler
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case of steady solutionsv(x). This is connectedto the fact that the spectral problem
(19) has hardly beenstudied at all, as has beenpointed out in Sect. 4. Thereare
onlydisconnectedresults relevant to particular choicesof f~ and flowsv(x) within
them.Thenext section is devotedto a concisedescriptionof these results.
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6 THE STUDY OF STABILITY
FLOWS. SECONDARY FLOWS

OF SOME PARTICULAR

6.1 Kolmogorov’s Flow
Considera plane flowv = (yv- a sin y, 0), p = constin the strip 1-I {(x, y): - ~
x < ~,-~ < y< n} corresponding to force f= (Tsiny, 0) and study those
perturbations of it [or rather solutions of spectral problem(19)] which are
2n/~-periodicfunctions of x. Here~ as well as y and v are variable parametersof
the problem.Theeigenvaluescorrespondingto these solutions werefound to move
fromthe left half plane {2} to the right one as y/v2 increased and 7 ~: 1. This
insuresinstability of the flowv = (~,v- ~ sin y, 0) for sufficientlylarge y/v2. Thisfact
had been predicted by Kolmogorovand subsequently proved by Meshalkin &
Sinai (1961)(see also Yudovich
1965a).
6.2 Plane-Parallel Flow of Couette (Linear Profile)
It was believed that the linear profile flow is probably stable under periodic
perturbations of any period c~ and for all ReynoldsnumbersRe. W.Wasow
(1953),
Yu. B. Ponomarenko
(1968), L. A. Dikii (1964), and others have provedthis
various regions of (c~, Re) values. Therest of the parametricquarterplaneE~{(~, Re): ~ > 0, Re> 0} was recently investigated by V. A. Romanov
(1971) and
solution there provedto be stable. Thusit has beenshownthat the linear-profile
flowis stable for anyc~ andall Re> 0.
6.3 Poiseuille Flow Inside a Plane Chi~nnel(Symmetric Parabolic Profile)
Heisenberghas studied this profile and concludedthat it loses stability for certain
values of parameters~ and Re. However,his reasoning was not rigorous and is
opposed,alongwithhis final conclusions,by a numberof scientists. Thedifficulties
with this profile are connectedwith the fact that in regions whereeither ~ or Re
are large the profile is stable. Thismakesnecessarythe analysis of "intermediate"
regions of values of the parameters~, Re. This has been done by Krylov(1966),
whoindeed foundsuch areas in whichPoiseuille flow becomesunstable. Previous
(non-rigorous)results of Lin led to the sameconclusions.
6.4 Couette Flow Between Two Rotatin9 Cylinders
Couetteflow has beenthe subject of widelyknownresearches by G. I. Taylor. He
demonstratedthat this flow becomesunstable for certain values of the parameters
and newflows emergefor near-by parameter values. Froma mathematicalpoint
of viewthese conclusionsneededproof. A. L. Krylov(1963) consideredthe case
of cylinders rotating in the samedirection and provedfor this case that loss of
stability is indeed possible. Yudovich(1966) has also done this somewhatmore
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simply. The appearance of a secondary stationary flow branching from Couette flow
has been proved in the papers of Velte (1964, 1966), Yudovich(1966), Ivanilov
Yakovlev (1966), and Kirchg~ssner & Sorger (1969). A number of methods
analysis were employed including that of Lyapunov-Schmidt. It should be
mentioned that some results are still somewhatconditional since not all of the
assumptions used are proved. The only exception is the case of small gap between
cylinders analyzed by Yudovich.
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6.5

On the Studies of Other Flows

The only flow for which the spectral problem (19) turned out to be symmetrizable
wasindicated by Yudovich(1967) : v = r, v°, v-~), v" = 0, v° = 7ra, v-"= 0 ina
boundeddomain of torus-type (with f ¢ 0). Thanks to this, it proved possible
carry out a detailed analysis of the spectral problemand to demonstrate rigorously
not only the appearance of instability,
but also the emergence of a secondary
stationary flow. The stability of the latter was also investigated (under some
assumptions).
Instability of Couette flow in a round pipe could not be found within the class
of solutions independent of the rotation angle, but it is likely to exist in a wider
class of solutions (see Gill 1965). In a numberof recent papers Iooss (1971a,b,c,
1972), Sattinger (1971), Joseph & Sattinger (1972), and Yudovich(1971, 1972)
studied the emergenceof secondary stationary and periodic solutions close to the
stationary one (or rather to the family of solutions depending on a numerical
parameter) defined over an arbitrary domain f~. Secondary stationary flows are
obtained by Lyapunov-Schmidt’s method. In order to obtain secondary periodic
solutions, various series representations are suggested. In the cited papers a number
of criteria are given whichare sufficient to tell one situation fromthe other. Th, ese
criteria look simple in comparisonwith the problem itself, but it is quite tedious
to check themfor particular flows.
7 ON THE LIMIT-STATES

FOR PROBLEM (1),

(2),

However~mportant the methods of Sect. 6 for the study of behavior of particular
flows are, their limitations are nevertheless obvious. Theyenable us at best to find
solutions emerging in the vicinity of the one considered and there is nothing to
insure that as the Reynolds numberincreases other solutions which are far from
the one we study will not emerge with better stability than the secondary flows
we have discussed in Sect. 6. Wethink that the following approach to the study of
limit-states for arbitrary Reynolds numbers is interesting. Unfortunately, this
approach has proved fruitful as yet only for two-dimensional flows since only for
this case have the unique solvability for all t >-- 0 and the correctness of initialboundary problems of (1)-(4) been proved for arbitrary Reynolds numbers. Let
present this approachhere for the following problem:
Vt-

rAY ~- Z- Uk ~lXk ~- -~k=l

div v = 0,

gradp + f(x),

vim --- 0,

(20)
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taking x = (xl, x2) from a boundeddomain D in Euclidean space 2 and v, f , a nd
a as two-componentvector-functions. The unique solvability of thios problem has
been proved for all t >= 0 for any a(x) belonging to somesubspace J(D) of Hilbert
space L2(D). The elements of L2(D) are vector-functions u(x), square-summable
over domainD, with the scalar product defined as

(u,v)

Y~Uk(X)Vk(X)
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k=l

and the norm ]lul]= (u, u) x/2. The subspaee J(D) is definedas the closure in the
norm of Lz(D) of the set of all smooth solenoidal vector-functions u(x) which
becomezero at the boundary aD. The vector-function f(x) as well as the boundary
0Dare taken here to be smooth and with no loss of generality fe ,~(D). TheYoare
also fixed in the following considerations. Call the elements a(x) of subspace J(D)
t = 0 from
point
denote
such av(x,
solution
V, °
"points"
and
the a(x);
solution
to (20),
t), a by
"trajectory"
originating at the moment
Consider a sphere kR = {a:lla[I < R} in space J(D) and let trajectories Via
originate from each point of this sphere. It turns out that if R is taken to be
-> Ro = 121 v1-1 Ilrll,where21 is the first eigenvalueof (13), the trajectories
originating from points a within the sphere k~ do not leave this sphere at any
momentt > 0. Let us follow the set k~(t) obtained from kn by the application of
the nonlinear operator V,. There holds the inclusion: ka(tz) c k~(t~) for t2 >
and the set k~(t) for any t > 0 is "considerably smaller" than the sphere ka. The
elements (points) of kR(t), t > 0, are "very smooth"vector-functions. Consider the
intersection ~R = [It>okR(t). The elements of 9JlR are the velocity fields to be
observedin the flow after an infinite interval of time, that is, exactly the thing we
wish to know. The experiment is staged by starting with various ("random") fields
a(x)~ kR and learning what they becomeafter a "long" time, It is natural to
assume that viscosity will makethe flow "forget" its past and develop under the
action of permanentlyacting factors : the force f(x) and the form of domainD. Had
the system been free from nonlinear terms VkVx~, the only limit-state would have
been u(x)--the solution of the stationary problem
- vAu- - grad q + f(x),

div u - 0,

u[~o= 0,

(21)

no matter what a we had started with. Indeed, if one decomposesa(x) and f(x)
series with respect to eigenfunctions {q~(x)} of problem(13):
a(X)

= ak ~k(x),
k=l

f(x)

~, fk~ k(x),
k=l

the solution u(x, t) to the linearized
followingseries :
II(X, t) = ~ (lk~’~kt~ok(x)
k=l

fk(eZ~t-- 1)2-~ q~k(x)
k=l

and hence
lim u(x, t) = ~,fk2~ ~q~k(x).
k=l

problem (20) may be represented by the

(22)
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It may be seen from (22) that various harmonics [terms in (22) correspond
different qk] do not interfere. This effect will obviously disappear in the case of
nonlinear problem (20). With passing of time energy will be exchanged between
harmonics, but it is natural to assume that the influence of high harmonics will
decrease with time. Let us describe the results proved for the limit set 9J/R. First,
~l~ = 9JlRo for all R > Ro. The set 9J/~ (as well as all sets k~(t) for t > 0) is
compact within J(D). It consists of those and only those elements a(x) of space
J(D) for which(20) is uniquely solvable both for t e [0, o~) and for t e (- ~,0].
set 9Jig is an invariant of (20), that is, if a~gJ/g then all trajectories Vta at any
te (- o~, o~) belong to 9JIR. The problem (20) defines a dynamical system Vt
9J/R. In particular, trajectories V, a, V, a’ starting at different points a and a’ cross
nowhere, that is, Vta ~ V~a’ for all t and V~a depends on a continuously over any
finite interval of time [- T; T]. Moreover, thb dynamical system V~ "behaves" on
~IR as a finite-dimensional one, that is, two numbers]lflt and /~1 define a number
n such that if one considers a finite-dimensional linear subspace L(n~ of space
}(D) spannedby the first n eigenfunctions{q~k},k = 1 .... , n, of the speoctral problem
(13), and if one denotes by P~ the orthogonal operator projecting J(D) ~,
onto L
then projection P, V~a of any complete trajectory V, a[t~ (-~, ~)] belonging
9J1~completelydefines the trajectory V~a itself. Also if P, V~a is a time-independent,
o)-periodic or almost periodic function of t, so is V~a.
The set 9Jl~ definitely contains all stationary, periodic, and almost periodic
solutions to (20). According to Bogolyubov-Krylovtheory there exist invariant
measures # that may be determined according to procedures described by these
authors. The structure of set 9Y/R essentially depends upon the Reynolds number.
In particular, for small Reynolds numbers ~lls consists of one point, the only
stationary solution to (20). Wethink that 9)lR is one of the main objects worthy
of comprehensivestudy.
Results listed above come from the author’s paper (Ladyzhenskaya 1972)
written under the influence of E. Hopf’s study (1948). Hopf constructed a certain
modelsystem of equations for whichhe proved that its limit-set is a manifold, the
dimensionality of which increases with increase of a certain parameter that may
naturally be called its "Reynolds number." This model problem, however, lacks
aspects
of nonlinear
latter
set 9)~n
notmost
in the
general
interaction
betweenproblem
harmonics
° (20).
and For
thusthedoes
not the
reflect
onewill
of the
important
case be a manifold in space J(D).
8 ON THE POSSIBILITY
OF INDETERMINACY
DESCRIPTION
OF THE DYNAMICS OF THE
NAVIER-STOKES
THEORY

IN

THE

The list of results obtained on the unique solvability of initial-boundary value
problems for system (1), (2) was presented in Sect. 2. It was stated there
despite multiple attempts to prove that the general three-dimensional problem is
uniquely solvable this is still an open question. This question has two sides: first,
for which classes of solutions does the uniqueness theorem hold and second, which
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solutions to problems(1~(4) exist. Theuniquenesstheoremdefinitely holds in
class of smoothsolutions. Moreover,it remains valid also within wide classes
L~,,(QT)of discontinuoussolutions for whichcomponents
of v(x, t) are such
integrals.~ (.~ Ivy(x, t)l ~ dx)r/~ dt are finite witha pair of parameters
(q, r) satisfying
conditions(a) 1/r+3/2q= 1/2, r~ [2, oc), q = (3, o~] or (b) q > 3, r = o~ (that
conditionj’, Irk(x, t)] q dx < const, t~ [0, T] with q > 3 mustbe satisfied). Such
solutions satisfy the requirements of (1)-(4) in somegeneralized sense
Ladyzhenskaya
1970, Sect. 2, Chap.VI; Prodi 1959, Serrin 1963, and Ladyzhenskaya
1967a).Wethinkthat this result is exact, that is, that a singularityin v(x, t) stronger
than that allowedby conditions(a) or (b) wouldruin the validity of the uniqueness
theorem. To prove this we have constructed an example(see Ladyzhenskaya
1969
and 1970, Sect. 7, Chap.VI) in whichfor system(1), (2) twodifferent solutions
satisfying the sameboundaryand initial conditions(with the sameright-hand part)
wereindicated. Bothsolutions belongto L~,r(QT),but with (q, r) smaller (by
positive ~) than those required by conditions (a) and (b). True, this example
constructedfor boundaryconditions differing somewhat
from (32), but these other
conditions from the mathematicalpoint of view are no worse than the no-slip
condition. The same kind of existence and uniqueness theorems hold for these
conditionsas for the no-slip ones.
Considernowexistence theorems.In the general case it wasproved(Hopf1951)
that at least onesolutionv(x,t), p(x, t) of the problem(1), (2), (3~), (4) for
integral
0 d~i,k=l

and
vral maxI Iv(x, 012dx
are finite exists (here and belowT is an arbitrary finite interval of time). This
solution has generalizedderivatives%v ..... and Px, sdmmable
overQr = t2 x (0, T)
withthe powerof 5/4, andfor almostall (x, t) satisfies system(1), (2) (see Golovkin
&Ladyzhenskaya
1960 and Solonnikov1964b,c). All these properties of v(x,t)
neverthelessdo not guaranteethat conditions (a) and (b) of the uniquenesstheorem
are satisfied. Providedf(x, t), a(x, t), and d~are sufficiently smooth,this solution
is also smoothover someinterval of time [0, z] and henceuniquethere. But one
can not exclude the possibility that at somemomentthis smoothnesswill be
destroyed[in spite of the smoothf(x, t)] to such an extent that v(x, t) will
longer satisfy conditions (a) and (b) of the uniqueness theorem. At
catastrophic momentsthe solution maybranch. Since we are trying to give a
deterministic description of the process it should be understoodwhichof the
branchesis chosenby the system. Sucha choice requires another postulated law.
Wethink that such a branchingof the solution is possible in the Navier-Stokes
equationsand that this additional postulate is indeednecessary. Thissituation is
familiar from the theory of nonviscouscompressiblefluids. There equations of
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motion are complementedby conditions at the breaks (the principle of entropy
increase) that enable one to choose the unique solution from the class of all
discontinuous flows satisfying the equations of motion. Weshall describe one of
the approaches to the search for this additional principle. This approach is also of
interest by itself. It was inspired by Hopf’s paper (1952). Lack of space forces
to omit detailed formulations in this section and to concentrate on the conceptual
aspect of the situation as applied to the case of problem(1), (2), (31), (4).
problem been uniquely solvable for all t > 0 belonging to a certain functional
Banachspace H If(x) in this treatment is considered fixed], a nonlinear operator
V, transforming points a of space H into points Vta= v(x, t)--the solutions
problem (1)-(4)--would have been defined for any > 0. LetVt t ransform H into
H. Consider a Borelian a-algebra E generated by closed sets. Suppose that
transformation Vt is measurable with respect to this a-algebra (for the case of
two-dimensional flows all these assumptions are fulfilled). Define on (Y~, H)
probability (normalized) measure ~ and consider its evolution governed by the
equation
#,(o)) = ~(V_,

(23)

for any set eJ from Z. Here V_~cois meantto represent the set of all points from H
which are transformed into points of o) by V,. Thus defined, ~, on H will also be
a probability measureon (Z, H). Onecan write out a relation connecting ]~, with
/~. This maybe done in a numberof ways. Hopf (1952) has written it out for the
characteristic function X(0, t), 0~ H of the measure/~,. It has the form of a linear
differential equation for ;~(0, t) with an infinite numberof independentvariables :
and 0 = (01, 02,...), of the first order in t and of the second order in variables
(01,02 .... are special coordinates introduced in H). Foia,s (1973) has written out
connection between itt and It in the form of an integral identity (the waypartial
differential equations have been treated for the last two decades). Denote this
identity by Romannumeral (I). It turned out that identity (I) is simpler to
with than Hopf’s equation. This identity is linear in the unknown/~,. For the case
of two-dimensional flows for which operator V, is defined and possesses a number
of nice properties including those mentioned above, identity (I) uniquely defines
#t for a fixed # and the relation betweenthem coincides with (23). In other words
identity (I) contains the sameinformation on the evolution of the flow as the system
(1), (2), (31).
For three-dimensional flows the above reasoning collapses since in that case the
(single-~,alued) operator V, is not defined. Let us base the study of three-dimensional
flows not on the Navier-Stokes equations but on identity (I) and concentrate
the evolution of measures # according to (I) rather than on individual solutions
to (1), (2), and (31). It turns out that in this approach, to each initial measure
there correspondsa family of probability measures{/~,}, t ~ [0, T] satisfying identity
(I). But this family is possibly not unique. Let {/~}, t e [0, T] be another set
probability measures satisfying (I) with the same #. Since (I) is linear in #, it
satisfied (for the same/~)by measures{7~, + (1 -?)~’t}, t ~ [0, T] with any ~ from
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interval [0, 1], that is, the set of all solutions {~}, t~ [0, T], to identity (I) with
fixed # is a convexset in the space of probability measures. Weshall denote it by
~g~(#). Let us.construct an averagedfield of velocities (v~(t)) = Sn v#~(dv)
{#,~}, t~ [0, T], from Jg,(~t). At each moment
t, points {(v~(t))} form a convex
in H. Choosefrom {(v~(t))} the (V,,,in(t)) that yields the minimal value
integral
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i,k= 1

(it should be rememberedthat at each t the element (v~(t)) belongs to H, i.e.,
vector-function defined for x~f~). This (Vmi,(t)) turns out to exist and
unique. The "extremumfamily" of measures {p~’i"}, t~ [0, T], corresponding to
(Vmi,(t)) , however, may prove not to be unique. But we are looking for a way
to find a unique velocity field, and the field (v~(t)), as has just been said,
yielded by the above variational problem uniquely. It satisfies the Reynolds
equation in which the averaging is carried out over any "extremum family" of
measures{#~,i,), t~ [0, T], correspondingto (Vm,.(t)). If the initial measurep
been concentrated in some one point a of space H, one is inclined to believe that
the (Vm,,(t)) corresponding to it does in fact describe the evolution of a. If a
too discontinuous" (and hence unique) solution V, a to (1), (2), and (3t) corresponded
over an interval of time [0, T] to a it wouldcoincide with (Vm~n(t)).
The described principle of choosing (vmi~(t)) was formulated by Foia~ and
Prodi (see Foia~ 1973). It has one essential drawback: it cannot be excluded
yet that the extremum(Vm~,(t)) dependson the length of the interval [0, T] on which
it is defined. It has not been provedthat fields (Vm~,(t)), t~ [0, T], and (Vm~,(t)),
t~ [0, T~], Tt > T, found according to this principle on intervals [0, T] and
[0, T~] respectively coincide on the smaller interval [0, T]. Sucha coincidence is
essential in our opinion. The situation with regard to this principle is better for
solutions {~}, te [0, T], that do not depend on t. Such solutions to (I) may
naturally be called stationary ones. They are invariant measures for the NavierStokesequations. For these solutions (Vmi.) is the one field ~) = j’ /~ v/ ~~ (dr) th
yields the minimalValueof the integral

~] [~,(~)]~d~.
i,k=l

Here {~} is a set of all solutions to identity (I) that correspond to the initial
measure # and do not depend on t, In this case the above objection to this
principle of choice is eliminated.
9

ON SOME DESIRABLE

COMPUTER

EXPERIMENTS

From Sections 2 and 8 it follows that branching of the solution on v(x, t)
problem (1)-(4) may appear only as a result of unlimited increasing of the
tlv(x, t)[[~ = ~fn [v(x, ~ dx]~/~ with some q >3 (we dealin th is paragraph only
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with boundeddomainsfl) or of the quantity
J(t)=

~ v~x,(x,t)dx
i,k= 1
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over a finite interval of time. (Wenote that for an arbitrary function u(x) the
inequality

holds if f~ is a boundeddomainin E3 and q __<6.) In the light of this wethink
it is desirable to study the behaviorof one of these quantities underincreasingt
for some"good"approximationsof the solution to problem(1)-(4). Weknow
twosuch approximations.Thefirst is the systemof ordinarydifferential equations
obtained whenthe considered problemis treated by the methodof Galerkin (see
Ladyzhenskaya1970, Secl. 4, Chap. VI). Let v(ne(x, t) be the n-th Galerkin
approximationobtained with someallowed choice of the system of coordinate
functions {0tk)(x)}. It is desirable to makeout whetherthere are such moments
timewhenII ¢")(x, t)I1,~ becomes
"verylarge" compared
to, for instance, the value
]vt’)(x,

0)]=

max
Iv’°’(x,0)l÷m~_x
y~Iv£~,(x,O)l÷ma_x
y~Iv~2,x,(x,
0)l
xe~ i,k= 1

xe~ i,k,l=

1

or to I]v"’(x,t)ll~,, averagedover the time interval [0, T]. Theforces f maybe
taken as time-independentand smoothwith respect to x, but the normI]fll2,q may
not be small, a(x) as smoothand n as "not small." Theother approximationis the
difference schemesuggestedby us for the treatment of general three-dimensional
problems.It is described in Ladyzhenskaya
(1970, Sect. 9, Chap. VI) (see also
Krzywicki&Ladyzhenskaya
1966). [For this schemeit has been proved that its
solution {vh} is determineduniquely and that for any wayof letting the size of
cells of a subdivision of space go to zero one can choosein {vh} a subsequence
convergingin a certain sense to some(generally speakingdiscontinuous)solution
of problem(1)-(4).] If the solution to the latter is "not too bad"(hence, unique),
the completesequence{vh}will convergeto it. For solutions Vhof the difference
schemeconsideredthere is a difference analogueof the mainenergyrelation

f ov2(x,t ) dx- f ov2fx,t , ) ax+2.f ,’, f . dxdt=2f ,’, f fvdx dt,
that holds for any "not too bad" solution to system(1), (2), (3~), (4).
speaks in favor of the suggesteddifference scheme(later other moreeconomical
difference schemeshave been suggested, but their convergencewas provedonly.
subject to the condition that problem(1~4) has a unique smoothsolution (see
Ladyzhcnskaya
1970, Sect. 9, Chap.VI). It is desirable to carry out the following
numericalexperimentin this schemeon a powerfulcomputer.
The domainfl should be taken as a cube with f(x) as somenot-too-weakfield
of forces. The numberof cells in the net division should be large. Then v~
corresponding
to several initial fields a(x) shouldbe computed
keepingtrack of the
value of
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If at somemomentsof time this property becomes"very large" it would indicate
that the viscous terms in the Navier-Stokes equations can not prevent the
catastrophe. Instead of the normllvllq,~ (orits difference analogueIIv~llq,~/one may
follow the value of the Dirichlet integral J(t). It should be stressed that the
mentioned norms of the approximations v(’)(x, andvh can not become infi nite
and the critical momentsof time are those whenthese norms become"considerably"
larger than, for example,their averages over an interval of time [0, T].
10 SOME GENERALIZATIONS
NAVIER-STOKES
EQUATIONS

OF THE

All the previous sections dealt with the Navier-Stokes equations and did not
question the adequacyof the description they provide for the dynamicsof real flows.
Naturally they are no different from other equations of the theories of continuous
media in giving only an approximatedescription of dynamics. In their derivation it
was assumed that the Iv~l are "comparatively" small, so we probably should not
rely on these equations whenthese quantities becomelarge. This is true to a greater
extent if unboundedvelocity gradients may be created in the flow [which in our
opinion is not excluded by (1), (2)]. Henceit is natural to wish to substitute
the Navier-Stokes system more general equations that would give a better description of flows with large
Here is an axiomatic approach to the search for such equations. The motion of
a continuous mediumis described by a system of the following kind :
pvt = div P + pf

(24)

plus the continuity equation. In (24) p is the density of the mediumand P = (Pij)
is the symmetricstress tensor. If Stokes’ postulates on the character of dependence
of P on the velocity-deformation tensor D = (vlj), wherev~j = vi~+ v~x~, is assumed,
the following equation(see Serrin 1959)is valid
P = c~(I, II, III)E +fl(I, II, III)D + 7(I, II, z.

(25)

Here e, fl, and ~ are scalar functions of the maininvariants I, II, III of tensor D,
D2 is the square of matrix D, and E is the unit matrix. In the case of an
incompressible liquid
3

I -- div v = 0,

II

= 2

/)/~

~ /32’

III = det D,

i,k=

and c~ = -p is treated as an unknown function of x and t to be determined
along with v from the system of equations describing the motion of the liquid and
from the correspondinginitial and boundaryconditions (the function p is most often
called pressure). Thusfor incompressible liquids
P = - pE + fl(t32, det D)D+ y032, det 2.
D)D
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In view of this, system (1) for incompressibleliquids acquires the form:
IJit

~-k=XZ I)k Vik-- ~lk= ~Xk Tik(1)Jl)
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div v = 0,

= qx,+

f~

(26)

i= 1,2,3,

where T = P+pE,q = p-½[vl2, and p is taken to be unity. We have proved (see
Ladyzhenskaya1967b and 1968a) that the system gives a deterministic description
of dynamics(that is, initial-boundary-value problemsfor it of the type (3k), (4)
uniquely solvable in "the large") provided the functions T~k(Vj~)(note that T~k= Tki)
satisfy the followingconditions :
1. Tik(vjt ) are continuousfunctions of vii , j, l = 1, 2, 3, and

I T~k(~,)l
~c(1+2~)

where

~/~= 1

where Voand e are positive numbers.
3. For any smooth solenoidal vector-functions v’(x) and v"(x) that coincide
the boundary0f~ the following inequality should be satisfied :

Y,[T~k(v~)...... ~(v~)](v~-v~)~x=
i,k= 1

(v~’ v~)
"
i,

dx,

v~=const>0.

1

All these conditions are fulfilled, for example,for functions ~k(Vjl)=
fl(~2)Vik
,
provided the "coefficient of viscosity" fl(z) is a positive, monotonicallyincreasing
function of z ~ 0 for whichat large z inequalities c~zu ~ fl(z) ~ czzu are satisfied
with some positive constants ca, c2 and ~ ~ ~. In particular, fl(z) may be chosen
in the form v0(1 + ez2), Vo, e > 0. The systemthat correspondsto it
vi,+ VkVi~--Vo ~ ~[(l+~bZ)V,k]
k=l

k=l

= --p~,+f

(27)

k

For small ~bz it is close to the Navier-Stokes system. In Ladyzhenskaya(1967b,
1968a) some other arguments connected to the derivation of approximate equations
of hydrodynamics from those of Maxwell-Boltzmannare put forward in favor of
system(27).
11

HISTORICAL

REMARKS

The body of this article does not contain the names of all the scientists who
have contributed to mathematical studies of the Navier-Stokes system of equations.
Only some of them are mentioned where the presentation calls for it. In this
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paragraph it is also impossible to give a complete bibliography of the questions
dealt with in the paper because it is too vast. It is even less feasible to try to
describe relationships between the works of different authors. Weshall mention
here only some authors and works of this century who in our opinion have
contributed essentially to the material presented in the previous paragraphs; we
further limit ourselves only to investigations with mathematicallyrigorous proofs.
F. K. G. Odqvist in the 1930s created the theory of hydrodynamicpotentials
for linear stationary problems, whichenabled him to reduce the study of the latter
to that of Fredholm integral equations of the 2nd kind. His predecessors were
Lichtenstein and Oseen. Odqvist has also proved the unique solvability of the
nonlinear stationary problems for small Reynolds numbers. The first investigations
of the solvability of nonlinear stationary problems for arbitrary Reynoldsnumbers
werecarried out in 1933by J. Leray. Usingone of the results of this paper (the a priori
estimate of the Dirichlet integral

Z vL~(.~)

i,k= 1

for solutions of such problems;a moreexplicit estimate of this integral wasgiven by
E. Hopf in 1941) and the theory of fixed points for completely continuous nonlinear
mappings (created by Leray in collaboration with Schauder), Ladyzhenskaya
managedto give a comparatively simple proof of the solvability of these problems
for any Reynolds numbers(see Ladyzhenskaya1959 and 1970). Essentially the same
result wasalso provedby I. I. Vorovich&V. I.. Yudovich(1961) and H. Fujita (1961).
R. Finn workswithin the class of classical solutions and following Oseen, Odqvist,
and Leray obtains integral representations for solutions through employmentand
development of the methods of the theory of hydrodynamical potentials. This
approach provides more complete information on the behavior of the solution at
large Ixl -~ ~o (see Finn 1965 and Finn & Smith 1967) for small Reynoldsnumbers.
Important coercive estimates in terms of the normsof various functional spaces
for solutions of linearized stationary problcms were obtained by Solonnikov (1960,
1961, 1964a, and 1966; see also Ladyzhenskaya1970). They are useful in the case
of nonlinear problems. Part of these estimates is also in the works of Cattabriga
(1961) and Vorovich & Yudovich (1961).
The first theorems on the solvability of nonlinear nonstationary problems were
established by Leray (1934a). He proved the unique solvability of two-dimensional
initial-boundary-value problems for small Reynolds numbers. For large Reynolds
numbershe also proved that smooth solutions exist over a small interval of time
in the vicinity of smoothinitial data. He also indicated somecharacteristics of the
set of those momentswhen the solution may "becomeinfinite" and start branching.
The author proved in 1958 (Ladyzhenskaya 1958) that there are no such
moments, that is, that two-dimensional problems are uniquely solvable for all
momentsof time and for any Reynoldsnumbers(see Sect. 2 for details).
Leray (1934b) managedto prove the unique solvability of the three-dimensional
Cauchyproblem (that is, whenthe flow fills all infinite space) fo~: either small
Reynoldsnumbersor in the vicinity of smoothinitial data. The first result on the
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solvability of general problem (1)-(4) for three-dimensional flows in arbitrary
domains belongs to E. Hopf (1951). He proved that this problem always has
least one "weak"solution, whichmaypossess "strong" singularities (in particular its
Iv(x, t)[ maybecomeinfinite). Later K. K. Golovkin and Ladyzhenskaya(1960)
also Ladyzhenskaya1970 and Solonnikov 1964b) demonstrated that such a solution
v(x, t), p(x, t) has generalizedderivatives v~, Vx~xj, Px, summable
over Qr = f~ × (0, T)
with the power 5/4. In Sections 2 and 8 we discussed these solutions and said that
the uniqueness theorems for this class of "strongly discontinuous" solutions are
not proved and in all probability do not hold. The first theorems on unique
solvability of the general three-dimensional problem (1)-(4) (see Sect. 2)
proved by Kiselev & Ladyzhenskaya(1957). Further investigations of the smoothness of solutions in relation to that of the data of the problem were carried out
by Ladyzhenskaya (1967a, 1970), Solonnikov (1961, 1964a,b), Golovkin (1964)
Golovkin& Solonnikov(1961). Prodi (1959, 1962), Lions (1959), Serrin (1959,
1963), Kato &Fujita (1962), Sobolevskii (1964) haveanalyzedthe possibilities of
methodsand obtained a numberof other characteristics of these solutions including
the uniqueness theorems. Nevertheless, all these methodsand approaches, in spite
of their difference in the study of the main question of unique solvability, are
blocked by the same difficulty: the necessity of obtaining an a priori estimate for
some one of the norms of solutions v(x,t) (or some approximations to them).
indicated in Sect. 8.
The unique solvability of linear nonstationary problems was first proved by the
author for some Hilbert spaces (see Ladyzhenskaya1970). Golovkin & Solonnikov
(1961) constructed a theory of three-dimensional nonstationary hydrodynamic
potentials (see also Solonnikov 1964b,c). For the two-dimensional case this had
been done by J. Leray (1934). Solonnikov (1964b,c) thoroughly investigated
dependence of the solution’s smoothness on the smoothness of the data. He
obtained cocrcive estimates for these solutions in most important functional spaces.
These estimates together with the weighted ones (weights of the -~’ t ype) ( see
Solonnikov 1973), along with solvability theorems for problems (1)-{4) presented
in Sect. 2 have formedthe analytical base for the investigation of the stability of
the flow dealt with in Sect. 5. Thefirst proof of the correctness of the linearization
principle in the question of sta~ility of stationary solutions (see Sect. 5) was given
by Prodi (1962). Further results (see Sect. 5) on the general theory of stability
the Navier-Stokes equations were proved by Yudovich (1965b, 1970a,b) and
Sattinger (1970). In the paper of Ladyzhenskaya&Solonnikov (1973) these results
were obtained for abstract nonlinear equations in Hilbert space and it was proved
that a number of hydrodynamic and magneto-hydrodynamic problems’for viscous
incompressible liquids are special cases of the classes of nonlinear equations they
have considered. Sect. 7 is a concise presentation of Ladyzhenskaya(1972). Results
discussed in Sect. 8 belong to Prodi and Foia~ and may be found with proofs in
papers of Foia~ (1973). The list of references to Sect. 6 is too long to
presented here; someof them are quoted in Sect. 6.
Finally we would like to stress that research carried out by specialists in
hydrodynamics proper has been ignored here. Their results derived with mathe-
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matical rigor are well known and may be found in textbooks. Those obtained on
the "physical level" of rigor, in spite of the importance of many of them, are
outside the scope of this paper.
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