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Abstract. Stability of stationary Navier-Stokes flows in R™, n >
3, is discussed in the function space L' or H*' (Hardy space). It is shown
that a stationary flow w is stable in H' (resp. L") if sup || - |w(z)| +
sup |z]2|Vw(z)| (resp. [|w]|(n,1) + V|| (n/2,1)) is small. Explicit decay
rates of the form O(t_’a/Q), 0 < B <1, are deduced for perturbations
under additional assumptions on w and on initial data. The proofs of
the results heavily rely on the theory of Hardy spaces H? (0 < p < 1)
of Fefferman and Stein.

1. Introduction

This paper continues our previous study in [17] on the long time behavior
of solutions to the incompressible Navier—Stokes equations on the entire
space R". We are concerned with stability properties of solutions to the
stationary problem :

—Aw+w-Vw=V-F—-Vp (zeR")

(S) V-w=0 (x e R")
‘ l‘im w(z) = 0.
Here, w = (w1, --,wy) and p denote, respectively, unknown velocity and

pressure ; the given external force is assumed to be of the form

k=1
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and we use the notation:

v:(ala"'7an)7 a]:a/amj (jzlv"')n)7
szzajgw, w-Vw:ijajw, v-w:Zajwj.
j=1 j=1 j=1

When n > 3, we proved in [17] that problem (S) admits a smooth solution
w satisfying

11)  weL"RY)NL®RY), Vwe LY2(R") N LR,

provided that the tensor F' = (F}j) is smooth and suitably small in L"?.
On the other hand, it is shown in [4,19] that if F' is smooth and satisfies

|Ejel < C/(L+ [z~ [VER| < C/(L+ 2]} for some >3,

with a suitably small constant C' > 0, then problem (S) has a smooth
solution w such that

lw| < C/(1 + Ja])2,

(1.2) Vw| < C/(1+ |z))t! with ¢ = min(n, ).

A property closely related to (1.1) and (1.2) is :
(1.2) w € L}, (R") N L>=(R"), Vw € L*(R") N L®(R"),

where LP is the weak LP space [1,28]. Solutions satisfying (1.2) are con-
structed in [14].

In the case of the exterior problem, stability properties in various L"
spaces were discussed in [2,4, 12, 14] for stationary flows w satisfying con-
dition (1.1), (1.2) or (1.2"). In particular, it is proved in [2,4] that if
1 < r < n/(n—1), then any initial perturbation given in L" N L? evolves
in time in all of the spaces L7, r < g < 2, with some definite decay rates if
r < q < 2. It is possible to show the same result in the case of the entire
space R", n > 3.

The purpose of this paper is to discuss the stability properties of station-
ary flows w satisfying (1.1) or (1.2) on the entire space R" and to examine
what happens in the limiting case of L. We proved in [17] that the rest
state w = 0 is stable under perturbations belonging to the Lebesgue space
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LY(R™) as well as the Hardy space H*(R"). In this paper we extend these
stability results to the case w # 0, combining the methods of [2,4,17] and
invoking the techniques given in [5] for manipulating functions in Hardy
spaces.

We first consider a stationary flow w in R" satisfying

(1.3) jw| <C/(L+z]),  [Vw| < C/(1+|a)*
In order to estimate the size of w, we employ the norms
(14)  Jwl =sup(lz| - [w(@)]),  [[Vw| = sup(|z|*[Vw(z)|).

In Section 4 we show that a stationary flow w is stable under perturbations
in the Hardy space H'(R™) provided that |w|| + |Vw|| is small enough.
Note that (1.2) implies (1.3); thus our stability result covers the class of
stationary flows satisfying (1.2). The same type of result can also be ob-
tained for flows satisfying (1.1) or (1.2’). Since this latter case is treated in
almost the same way, we omit the details.

If n >4 and g > 3, then (1.2) implies

(1.5) we LMY(RYNLYRY),  Vwe LM2D(RY) N LR,

where L9 is the Lorentz space [1,28]. It is evident that conditon (1.5) is
more stringent than conditon (1.1) or (1.3). In this connection, we show in
Section 2 that if n > 3 and if F' is smooth and belongs to L*(R™) N L>®(R"),
then (1.1) implies

(1.6) we LY DR N LR,  Vw e L) (R")NL([R");

and so in this case the flows w with property (1.1) satisfy (1.5). In Section 5
we shall deal with the stability problem of stationary flows w satisfying
(1.5) and show that if the Lorentz norm [|w| (1) + [[Vw||(n/2,1) is small
enough, then w is stable under perturbations belonging to the Lebesgue
space L(R™).

When w = 0, we deduced in [17] explicit time-decay rates of the form
O@t=P/?),0 < 8 <1, of H' and L' norms of the weak solutions corre-
sponding to a specific class of initial data. In Section 6 we discuss the same
problem in the case w # 0 and deduce decay rates of the form O(t=7/2),
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0 < 8 < 1. Contrary to the case discussed in [17], it seems impossible to
deduce the decay rate O(t~1/2) if we assume merely (1.3) or (1.5).

To discuss the stability of stationary solutions, one needs careful analysis
of the corresponding linearized problem. The bulk of this task is carried
out in Section 3, by employing the theory of Hardy spaces as developed
in [7,26]. It is now well known that the Hardy space H'(R") is a good
substitute for the Lebesgue space L!(R™) with regard to the boundedness
properties of various potential operators and singular integrals, and so the
standard method of functional analysis can be effectively applied. Moreover,
it is shown in [5] that the nonlinear term w - Vw of the Navier—Stokes
equations belongs to the Hardy spaces HP(R"), n/(n +1) < p < 1, under
suitable assumptions on velocity fields w ; and this suggests the possibility
of effectively applying Hardy space theory to the mathematical treatment
of the Navier—-Stokes equations. We deal in Section 3 with a stationary
flow w satisfying (1.3) and show that if the norm ||w|| + ||[Vw|| is suitably
small, then any solution of the linearized equation tends to zero in the
Hardy space H. of solenoidal vector fields. We further deduce some rates
of time-decay for the solutions in H 51,, assuming in addition that the initial
data are in the Hardy space HP(R"), n/(n + 1) < p < 1. Passing to the
adjoint equation, we then find that the solutions of the adjoint equation
decay in time with definite rates in the homogeneous Holder spaces CP,
0 < B < 1, if the corresponding initial data belong to the space BMO of
functions of bounded mean oscillation. These decay properties will then be
applied in Sections 4 and 6 to show that a stationary flow w is stable under
H'-perturbations provided that the norm ||w]|| + ||Vw|| is suitably small,
and that the perturbations decay in time in H. with definite rates if the
initial data satisfy some additional condition.

To discuss the stability under perturbations belonging to L', we have
to assume (1.5) instead of (1.3). Assuming (1.5), we discuss the linearized
problem in Section 5, prior to the discussion on stability for the nonlinear
problem. Applying again the Hardy space techniques, we show that if the
Lorentz norm [|w||(, 1) + [[Vwl|(;/2,1) is small, then any solutions of the
linearized equation tend to zero in the Lebesgue space Lclf of solenoidal
vector fields. Since condition (1.5) is stronger than (1.3), all the results
obtained in Section 3 are also valid in this case ; thus we can apply the same
Hardy space techniques as in Section 3 to deduce definite decay rates for
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solutions of the adjoint of the linearized problem, and this decay result is
then applied to get the desired stability results for the nonlinear problem in
the space L}.

As mentioned above, we cannot deduce an L' decay rate of the form
O(t~'/?) under the assumption (1.3) or (1.5). To see the situation more
closely, we study in Section 7 the perturbations of stationary flows satisfying

n —
2 )

(1.7) |lw] < w € L*(R™).

We note that such flows w exist. A simple example is given by flows satisfy-
ing (1.2) with £ =n and n > 5. On the other hand, condition (1.6) implies
w € L?, while the existence proof of [4,19] gives stationary flows satisfying
(1.3). It is easy to see that these two kinds of flows coincide provided that
F' is smooth, compactly supported and small in an appropriate sense. In
Section 7 we shall show that if w satisfies (1.7), then there exist weak solu-
tions of the perturbation equations which decay in L}, like ¢—1/2. It should
be noticed that in this section we impose no assumptions on the derivatives
Vw, although we invoke the very strong condition: w € L?. The main tools
of the proof are the bootstrap argument developed in [2,3,4, 11, 22, 23] for
deducing L? decay rates and the fact that the first derivatives of the heat
kernel belong to the Hardy space H'(R"), with norm < Ct~'/2. Our L?
decay result given in Section 7 is just a part of the more general result of
Grunau [9]. Contrary to the treatment in the preceding sections, we need
no detailed analysis of the linearized operator. Section 7 is merely intended
to give a special case where perturbations decay in Li, like t~1/2, and no
generality is aimed at on conditions for w which ensure the same L' decay
result.

2. A Result on Decay Properties of Stationary Flows

Hereafter L2 (R™), 0 < p < oo, denotes the space of measurable functions
f on R™ satisfying

[ fllpw = iggﬂ{x f ()] > tHYP < +o0

with |E| the n-dimensional Lebesgue measure of a measurable set E, and
L? denotes the L space of vector-valued functions.
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As stated in the Introduction, this section estabilshes the following

THEOREM 2.1. Let F = (Fji)}x—; be smooth, bounded and belong to
LY(R™), and let w be a solution of problem (S) satisfying (1.1), i.e.,

(1.1) w € L"(R") N L*(R"), Vw € L”/Q([R") N L= (R™).
Then w satisfies (1.6), i.e.,

(1.6)  we LY DRYNL®R"), Vwe LL(R")NLZR"Y).

REMARKS. (i) The existence of w satisfying (1.1) is shown in [17]
under the assumption that the function F' is small in L 2 n>3 Ttis
also proved in [17] that if n = 3, then under the assumption of Theorem 2.1
stated above, (1.1) implies (1.6). In what follows we show that the argument
of [17] can be applied in all space dimensions n > 3.

(i) The method of proof stated below stems from the recent studies
on the exterior stationary problem in R", n > 3, as given in [4,13]. When
n = 3, the properties (1.2) and (1.2’) are known to be optimal for exterior
stationary flows; and moreover, one can show that property (1.1) implies
(1.6). This last result can be proved in the same way as stated below, and
the result itself improves [4, Theorem 2.5 (ii)]. The details are given in [18].

PrROOF OF THEOREM 2.1. We first note that (1.1) implies that the
velocity w and the associated pressure p are smooth on R™. This is easily
deduced by the standard bootstrap argument based on the a-priori estimates
for the linear Stokes system. Moreover, one also sees immediately that if
(1.1) is valid, then w is written as the convolution integral :

(2.1) w=FE - (V-F—-—w-Vw)=(VE) - (F-w®w)

by means of the Stokes fundamental solution tensor £ = (Eji)7,_; with
components

1 (Sk _ TiTf
2.2 Ej(z) = — [ 2 Zn g T )
(22) (o) = g (2l 4+
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Here wy, is the area of the unit sphere {|z| = 1}. An associated pressure p
is given by
p=Q - (V-F—w- - Vw)

in terms of the vector function @ = (Q;)7_; such that

Lj

(2.3) Qj(r) =

B wn|x|”'

More generally, for any fixed R > 0, Green’s theorem applies to the domain
Qr = {|]z| > R} under our assumptions on w, and we get for z € Qp,

(2.4) w(z) = (VE) - (F — w ® W) 4 w,
where F = F in Qp and F = 0 outside Qp, and

'woz/ E-(Thw,p] — w®w+ F) - vdS, + w-T[E, Q)] - vdS,.
ly|=R lyl=R

Here, v is the unit outward normal to 0Qr = {|z| = R}, and T|w,p| =
(Tjk[va])?,k:p with

Now, the first equation of (S) is written as
V- (Tw,p] —w@w+F)=0

and so applying the divergence theorem in the bounded domain {|z| < R}
yields

(2.5) /y|:R(T[w,p] —wow+ F)-vdS, =0.

Therefore, wy is written as

(2.6) wy = /|yR E-(Thw,p) - w®w + F) - vdS,
+ /|y|:Rw T(E, Q| - vdS,,.

where Ly
E(z,y) = E(x —y) — E(z) = Bl —ty)dt.
0



74 Tetsuro MIYAKAWA

Since |E(z,y)| < Clz|*™™ and |V.E(z,y)| < Clz|™" for large || uni-
formly in y € 0Qpg, and since the same estimates hold also for T[E, Q)]
and V,T[E, Q], it follows from (2.6) that

wo(@)] = Oz ™) and  [Vwo(z)| = O(a| ™) as |z] — .
Hence,

(2.7) wo € L™ D(Qr)NL®(QR),  Vwg € L}, (Qr) N L®(QR).

Now, fix n/(n — 1) < r < n, take a large R > 0 to be fixed later, and
consider the linear iteration scheme in Qp :

(2.8) vpy1 = (VE) - (F—w®Up)+wo,  vo=wy, (k=0,1,2,...).

Applying the Hardy-Littlewood—Sobolev inequality [25,26], we get from
(2.7) and (2.8)

||vk+1HT,QR < HwO”T,QR + CT,TL(||F||rn/(7'+n),QR + Han,QRH’Uk T,ﬂn))
[vit1llnor < llwollnor + Con([Fllnj2.0r + lwlnorlvelnog):
and
[vk+1 = Villror < Crallwllnogllve — ve-1llrog,
Vet = villnor < Canllwllnogllve — ve-1llnog-
Here || - ||g.0p is the norm of LY(Qg). Since C,,, and C,, , are independent

of R > 0, we can take R > 0 satisfying
Crallwllngo, <1/2 and  Cpplwlng, <1/2,

and see that the sequence {vy} converges in L"(Qg) N L™ (Q2r) to a function
v satisfying
v=(VE) (F-—w®v)+wy in Qp.

Subtracting this from (2.4), we have

1
lw = vllnor < Sllw = vlnog,
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and so v = w in Qg. Since n/(n — 1) < r < n was arbitrary and since w is
bounded in R", we conclude that w is in L"(R") for all r with n/(n —1) <
r < 00.

Now, we see that w ® w € L'(R™); so the Hardy Littlewood-Sobolev
inequality as applied to L' functions [25] gives

(VE) - (F —w®w) € LY/ " D(R").
Furthermore, since V2FE is a Calderén—Zygmund kernel [25], it follows that
(V2E) - (F —w ®@w) € L. (R™).

Hence, w € L/ "D (R") and Vw € L. (R") by (2.4) and (2.7). The proof
is complete. [

3. The Linearized Problem

We begin with an abstract formulation of our perturbation problem :

%_1:+w.vu+u.Vw+u‘Vu:Au—Vp (xreR", t>0)
(3.1) V-ou=0 (xeR", t>0)
uli—o = a, ‘l‘im u = 0.

Let 1 < r < oo. Using the Helmholtz decomposition
L' (R")=L,® L,
with

L ={veLl(R"): V.-v=0}, L,.={VpeL'(R"): pe L. (R")},

T

., we introduce the

and the associated bounded projector P = P, onto L
operators

Au=—-Au and Bu=P(w- -Vu+u-Vw) in L.
The formal adjoint B* of B is given by

B*u=—P(w-Vu+ (Vu) - w),
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where (Vu) - w is the vector field with components
(Vu) -w)j = (Ou)-w  (=1,---,n),

Note that B*u does not involve the derivatives Vw of w.
We next recall that the projector P is written in the form

(3.2) Pu=(I+R®R)-u

in terms of the Riesz transforms R = (Ry,---, Ry,) defined via the Fourier
transform as

RI©= [ Rn@ir =GR =V j=1wm)

Since each R; is bounded on the Hardy space H'(R™) (see [25]), in view of
(3.2) we can deduce the Helmholtz decomposition of H'(R") :

(3.3) H'(R")=H! o H!
with
H!={ve H'R") : V-vo=0}, H.={Vp: pe LWr=DL(RM],

Here and hereafter L9 is the Lorentz space [1]. We note that the space
CS?U([R”) of compactly supported smooth solenoidal vector fields is dense
in L” and in H.. See [17] for the case of H.; the case of L is treated
similarly.

Using these spaces and the linear operator

(3.4) L=A+B,

we can formally write equation (3.1) in the form

(3.5) Cfi—rl: +Lu+ P(u-Vu)=0 (t>0), u(0) = a.

Problem (3.5) is then formally transformed into the integral equation

(3.6) lu@):e—wa-zje***ﬂfmu-vuxﬁyh,
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by employing the semigroup notation. As will be shown below, we can
define the bounded analytic Cy semigroup {e~**};>¢ generated by —L in
the spaces L7, 1 < r < oo, and Hi,

Consider next the heat semigroup

e a /Et x — y)dy, Ey(z) = (47rt)*”/267|”’”|2/4t.

As is well known, {e~*4};>¢ is bounded-analytic in L”, and for any fixed w
with 0 < w < 7/2 there is a constant Cy.,, > 0 such that, for j =0,1,2,

37 IV + A, < Crollull /N2 (larg Al < 7 — w),

where || - ||, is the L"-norm. Furthermore, we know (see [17]) that {e~*},>¢
is also bounded—analytic in H! and there is a constant C,, > 0 such that,
fOI' .7 - 07 ’ 7

(38) V(A +A)ulm < Cullu] /N7 (larg A < 7 — w).

LEMMA 3.1. Let w be a stationary flow satisfying (1.3), and so the
norms ||w| and ||Vw|| defined in (1.4) are finite.

(i) Forl<r <n and0 < w < m/2 there is a constant C = Cy,, > 0
such that for j = 0,1,

(3.9) IVI(\ + A) " Bul), < Cllw]| - [V, /|02
(larg A| < m — w).

(ii) For 1l <r < n we have the estimate
(3.10) 1B ullr < Cllwl - [Vull.

(i) Forn/(n—1) <r <oo and 0 <w < /2 we have
(3.11) 1A +4) " Bul, < Cllwl| - [Ju]|,

(iv) We have

(3.12) lw - Vall g1 < Cllwll - [V 1,
(3.13) lu - V| < C|[Vwl| - [|Vul| 1,
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and therefore
(3.14) 1Bullg < C(wl + [[Vw|) [V g1

Proor. (i) First we show that

(3.15)

<CO|Vul, (Q<r<n).

T

Indeed, since |z|~! € L7 (R™), the weak Hélder inequality as given in [4]
yields

|z
whenever 1 < r < n. Estimate (3.15) now follows from the Marcinkiewicz
interpolation theorem [25]. Now we take an arbitrary ¢ € Cg,, to obtain
for j = 0,1,

u
H < Cllulmjnry < ClIValls

T

[(V/(A+ A)" ' Bu, )| [(Bu, (A + A)~ 'V )]
= [(w-Vu+u-Vw,(A+A4)" V)|
(u,w - V(A + A)"1Vp)|

+ [(w,u- V(A + A)_lvjcp>|.

A

By (3.14) we see that

(ww - V(A + A)Vig)| < uwn-H,x, IV + A) o]l
< Clwl- [Vul [T+ A) o]l
< Clwl- [Vull, gl /1A

where 1/r' =1 — 1/r. Similarly we get
w1 YO+ A7) < ] - [Vull /A2
Hence
[(V/(A+ 4) 7' Bu, o)| < Cllwl| - [ Vall [l /A7,

and this proves (3.9).
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(ii) By definition of B* and (3.15) we easily obtain

N Vu
1B*ull, < Clluw] - \ Vu

7] < Clwl - IV?ull, (1 <r<n),

T

which proves (3.10).
(iii) Estimate (3.10) implies that if 1 < r < n, then

1B*(A + A) " ully < Cllwl] - [[V2(A + A)~ ully < Cllw]| - ||l

Estimate (3.11) is now obtained by duality.

(iv) Estimate (3.14) is obtained by combining (3.12) and (3.13) with
the boundedness of the projector P on H'. So we need only prove (3.12)
and (3.13). To do this, it suffices to prove the following estimates (3.16)
and (3.17), which are essentially due to [5] :

(3.16) [w - Vu| g < Cllw| - [[Vullg/n-1),1),
(3.17) [ V| g < ClIVwl] - [l n-2),1)-

(Here and in what follows || - [|(;, 4) is the LP9_norm.) Estimates (3.12) and
(3.13) are then deduced via the Sobolev inequalities ([6, 10, 15]):

(3.18) Vel < CIVullm, w21 < ClIVa] .

We shall prove only (3.16); (3.17) is proved similarly. Let ¢ € C°(R") be
supported in the unit ball {|z| < 1} and satisfy [ @dz = 1. Since V-w = 0,
we have w-Vu =V - (w ® (u — ¢)) for any constant vector c. Integration
by parts thus gives

(oo (w0 Vu)@) = oy [(Vo)(( = )/0) () ® (uly) — )] dy

where w; = |By(z)| 7! IB,(z) w(y)dy is the average of u over the open ball
By(z) with radius t centered at . We take o > 0 and § > 0 so that

1/a+1/8=1+1/n and 1/8°=1/8-1/n>0,

and apply the Holder and the Poincaré-Sobolev inequalities, to get

oo w- V@] < i [ i) fuy) - wdy
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1/
C
< — w|d
< o (/Bt(x)| | y)
1/8*
(fess
Bi(x)
(151 o)
‘Bt’ By()

1 1/8
B — Vulld
<|Bt| J Vel

Cllwl[ M (Jy| =) * M (|Vul?)/?

IN

IN

where M(|f|) stands for the Hardy-Littlewood maximal function of |f|
([25,26]). Now we fix @ and fsuch that l <a <nand 1< <n/(n—1),
and apply the duality relation :

1M (Jy| =) M (1Tl ) 7y
< 1My~ o | M (V22 01,09

ClIVull(n/(n-1),1) by the Hardy-Littlewood maximal theorem ([25,26]), we
get sup |; * (w - Vu)| € L' and
>0

Since || M(Jy|=)/*[|lnw < +oo and since |M(Vul )|y <

|lw - Vul| g =

sup gy + (w - Va)|[| - < Cllw| - [V p/m-1),1):
t>0 1

This proves (3.16). OJ

REMARKS. (i) When w satisfies (1.1), one can show that if 1 < r < n,
then

IV7 (A + 4) 7! Bully < Cllwlla|| Vel /A2 (larg Al < 7 — w)

for  =0,1, and
1B ullr < Cllwllnl|Vul,.

It is also easy to show that if n/(n — 1) < r < oo, then

1A+ A) ™' Bull, < Cllwlla/|ul,
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These are all easy exercises of the Holder and Sobolev inequalities and du-
ality argument.
(ii) One can also show that

lw - V| g < Clwla[Vullgr,  llw- Vwllgs < CIVwll ol V] .
Indeed, for instance the first estimate is deduced via (3.17) if we show
[w - Vullg1 < Cllwlla][Veullg/m-1),1)-
To deduce this last estimate we proceed as in the proof of (3.15) to get
e * (w - V)| < CM (Jw|™)* M (|Vul?)/7,
Applying the Holder and the maximal inequalities, we obtain

1M (Jw|*) M (|l )P
< C| M (Jw| )| M1Vl Py
< CllwlnlVullym-1) < Cllwlln IVl p/m-1)1)-

We thus conclude that Lemma 3.1 is also valid in this case even if we replace
|wl| and [[Vw|| by [|wl|, and ||[Vw]l, 2, respectively.

(iii) In (i) and (ii) above, one can also replace condition (1.3) with
(1.2"). In the case of (i), the details are given in [4]. For (ii), we have only
to apply the duality relation ([1]):

(3.19) | fgll < I/l

191l (p.1) (I<p<oo, p =p/lp-1)),

pw
in deducing assertions corresponding to Lemma 3.1 (iii).

LEMMA 3.2. Letl<r<mnand0<w<m/2.
(i) There is a constant p = p(r,w) > 0 such that if

[wl < 4,
then for all A € C\ 0 with |arg \| < m — w, we have

IV O+ D)7 ully < Cllull /A2 (7=0,1)

2 . - .
B2 WALl < Clul /A2 (=0,1,2).
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(ii) There is a constant p' = p/(w) > 0 such that if
lwll + [Vw]| </
then for all A € C\ 0 with |arg \| < m — w, we have
(321) [V +IL) ullg < Cllufm /A2 (5 =0,1,2).
(ili) Let1 <r < oo. There is a constant i/ = /' (r,w) > 0 such that if
lw] < p”
then for all A € C\ 0 with |arg \| < m — w, we have

A+ L)l < Cllulfly/IA]
1A+ L) ull, < Cllufl/|A]

(3.22)

. . . . . . . 1
(iv)  Under the assumption of (ii), the operator L is injective on H_,.

ProoF. (i) We prove (3.20) with the aid of the (formal) expansions

VIA+L)"! = VJ(A+A)‘1§:[—B(>\+A)*1]’C
k=0
(3.23) = VY [-A+A)'BFA+ 4! (j=0,1),
k=0
VIA+ L) = VIA+A) D [-B* A+ A4)7 1) (j=0,1,2).
k=0

Assuming that ||w]|| is small, we see from (3.9) that

IV O+ L)l < (Z[anm’“) NUD2IV A+ A)
k=0

IN

(Z[ﬂ\wl!]’“) Jall A 72
k=0

= Cllull /N7
which shows (3.20) for L. To deduce (3.20) for L*, we note that

1B*(A + A) " ully < Cllwll - [IV2(A + A)~ ully < Cllw]| - [l
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Thus, if ||w]| is sufficiently small, we see from (3.23) that

IV O+ L)l < HVj(AJrA)_lH'<Z[0H’wH]k> [[eell
k=0

< Cllufe/IA[972

for j = 0,1,2. This proves (i).
(ii) We again invoke (3.23) to see that for j =0,1,2,

IV (A + L)l

<[V + A7 (Z[C(Hw\l + HVwII)]k> IV + A) " |
k=0

< Clluf g /N2,

This proves (ii).
(iii) From (i) we obtain

(3.24) IO+ L) Ml < Cllull /N (1< 7 <n)
and
(3.25) Il + L*)_1u||r < C|lull-/|Al (1<r<n).

Applying a duality argument to (3.25) gives
(326) A+ L)l < Cllufl/IAl - (n/(n—1) <r < o0).

Since n/(n—1) < n because n > 3, the result follows from (3.24) and (3.26).
(iv) From (3.21) with j = 2 we get

C1||V2u| g < || Lul|| g1 < Col| Vi 1 for all w € D(L).
The injectivity of L then follows immediately. The proof is complete. [

Lemmas 3.1 and 3.2 can be refined into a form which involves some
HP-norms, 0 < p < 1.

LEMMA 3.3. Letn/(n+1) <p < 1. Then we have

lw - Ve < Cllwl| - [[V?ul e,

3.27
(3.27) lu - Veollsr < OVl - V22 v
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and therefore

(3.28) 1Bullme < C(lwl” + [[Vw]”) )|Vl 1.

PROOF. As in the proof of Lemma 3.1, we use

Sup [y + (w - V)| < Cllw|| M (Jy| =) M (| V)V

where . 1 )
0<a<n, 0<[3<ﬂ, and —+—-=1+—.
n—op a n

g

To estimate the right-hand side, we apply the duality relation (3.19) and
the fact that

£ gy = W N easey: (0<p<oo, 0<g=<oo, 0<t<o0),

which is easily deduced from the definition of the Lorentz-norms (note that
I llpw = I - l(p,00))- We then obtain
1M (Jy| =) M (V)7
< My ) a1 (V2P o 1) )
< ClIVullpn(n—p) p)-
The first estimate of (3.27) now follows from the Sobolev inequality

([6, 10, 15])
IVl s n-p)) < CIV?0l 110

The second estimate is deduced similarly. Finally, (3.28) immediately fol-
lows from (3.27), the boundedness of P on HP(R") and the fact that || - ||},
satisfies the triangle inequality. The proof is complete. [

LEMMA 34. Letn/(n+1)<p<1and0<w < m/2. Then there is a
constant ¢ > 0 such that if

|w| + [Vw]| <,
then

(3.29) IO+ L)l < Cllullge /AP0
(larg \| < 7™ — w).
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PROOF. We apply the Mikhlin multiplier theorem [21; 25, p. 237] in HP
spaces to see that

"An(l/])_l)/Q(eie —|— A)_I'U/HHP S CLUHuHHp

for all # with |§] < 7 — w. Substituting us;(x) = w(x/y/t) in the above
estimate and writing A = te?, we obtain

A" P=D2 (N + A) e < Cllaf| o /AP,
Applying the Hardy-Littlewood—Sobolev inequality ([6, 10, 15]), we obtain

(3.30) A+ Al < CA™P=D2(\ + A) )| g
Clluf go /NP2,

A

Similarly, we have
(3.31) IV A+ A) g < Cllu /A7
(larg A\| <7 —w, j=0,1,2).

The result is obtained from (3.28), (3.30) and (3.31), via the expansion
(3.23), as follows :

IO+ L) ullgr < DI+ AT =B+ A) " Ful
k=0
< C‘)\’n(l/]?—l)ﬂ—lz||[B<)\+A)—1]ku”Hp
k=0
< C|)\|n(l/p71)/2fl
' (Z[C(llw\\p+ vallp)l/p]k> IV + A) e
k=0
< Cllullan /NP0,

The proof is complete. []

To state the next result, we recall that (see [26,28]) the space VMO is
defined to be the closure of C2°(R™) in the space BMO, and that we have
the duality relations [7, 26, 28] :

H'(R™)* = BMO, (VMO)* = HY(R™).



86 Tetsuro MIYAKAWA

Here and hereafter we write the quotient Banach space BMO/R" simply
as BMO; so the (vector-valued) BMO functions f and g are identified if
and only if f — g is a constant vector. The operator P then defines a
bounded projector on both BMO and VMO, and so in particular we have
the Helmholtz decompositon ([17]):

VMO = VMO, @ VMO,
with
VMO, ={u € VMO : V-u =0}, VMO, ={Vpe VMO : peC}}.

Here C* denotes the homogeneous Holder—Zygmund space of order « ([28])
and Cg is the C%-closure of CZ°(R"). Furthermore, Cg,(R") is dense in
VMO, ([17]), and we have

(3.32) H! = (VMO,)*,  H. = (VMO,)*.
On the other hand, it is true that
(H!)* =BMO, = {u € BMO : V-u =0},
(H.)* =BMO, = {Vp € BMO : peC'},

but C,(R") is not dense in BMO,.
Combining Lemmas 3.2-3.4 and the above duality results with the stan-
dard semigroup theory, we easily obtain

COROLLARY 3.5. (i) For each 1 < r < n there is a constant ¢, =
¢r(n) > 0 such that if
[w]l < ¢,

then both {e~*'}>0 and {e7t" >0 define bounded analytic Cy semigroups
on L and we have

|Vietall, < Ct72al,  (j=0,1),
|Vie = al, < Cr2all,  (j=0.1,2).

(ii) For each 1 < r < oo there is a constant c. = ¢, (n) > 0 such that if

lw]| < ¢,
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then both {e~t'}>o and {e " }i>o define bounded analytic Cy semigroups
on L.
(iii) There is a constant ¢, > 0 such that if

[wl]| + [Vl < e,

then {e=*F};>0 and {e ' Y50 define, respectively, bounded analytic Co
semigroups on Hcl, and VMO,. Hence, we have

(3.33) [[Le "ally < CtMallg, L' allpmo < Ct'allyo
for all t>0.

Furthermore, for n/(n+1) < p <1 there is a constant ¢, < ¢, such that if
[wll + [Vl < e,

then
(3.34) le Hall g < Ct™"/P=1/2| | .

(iv)  Under the assumption of (iii), we have

(3.35) Ve a|;m < Ct92|allg: for j=0,1,2.

See [20,27] for basic results on the theory of analytic semigroups. We
here notice only that the operators e % and e *X" are defined, respectively,
by the Dunford integrals :

1 . 1
(336) e—tL — 2_7”/ etA()\—FL)_ldA, e—tL — 2_7”/ GtA()\—FL*)_ldA.
r r

Here, the path of integration I"' = Iy U Iy U I is defined by
Ie={re™ : 7' <r<oo}, Ly={t"'e¥: —0< o<},

for an arbitrarily fixed 6 such that 7/2 < § < m —w. Assertions (i) and
(ii) are well known (see, e.g., [4]) and follow from Lemma 3.2 (i) and (iii),
respectively, via (3.36). For (iii), the strong continuity of the semigroups
{e7t}>0 and {e " };5¢ follows from the fact that the space Co,(R") is
contained in D(L) and in D(L*), respectively, and so D(L) is dense in H_
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and D(L*) is dense in VMO,,. Estimates (3.35) are deduced via (3.36) from
(3.21) ; and estimate (3.34) follows via (3.36) from (3.29).

COROLLARY 3.6. Under the assumption of Corollary 3.5 (iii), we have

(3.37) tlim le=*ally =0 forall a € H:.

PrOOF. It suffices to show that the range R(L) of the operator L is
dense in H'. Indeed, observe first that if @ € R(L) with @ = Lb for some
b e D(L), then (3.33) gives

e Lallg = ||Le b < Ct7 b1 — 0 as t — oo.
H H

Suppose next that R(L) is dense in H.. For any a € H. and any ¢ > 0,
we can find b € R(L) such that ||a — b||g1 < €. Hence, estimate (3.35) with
7 =0 gives

le™ 0l g + lle™(a — b) || 1
le™bl| g1 + Clla — bl g1 < [le™bl| 1 + Ce

le="all g

IAINA

with C' > 0 independent of € > 0, and so

limsup |le”*al/ 1 < Ce.

t—o00

Since € > 0 was arbitrary, this proves (3.32).
To show R(L) = H., we recall that estimates (3.14) and (3.20) together

imply
(3.38)  C1||Vul g < ||[Lullgr < Col|V2ullgr for u € D(L).

Let D be the completion of D(L) in the norm ||V2ul||1. Then, we see by
an easy calculation using the Sobolev inequalities (3.18) as well as (3.38)
that

(339) D={ue L2V . vye LD vy c H!)

and (3.38) is valid for all w € D. This implies that L defines an isomorhism
between the Banach space D and a closed subspace of H.. Thus, if L :



Stationary Navier-Stokes Flows 89

D—H 1 is surjective, it follows that the range of the original operator L
is dense in H!. Therefore, we need only show the solvability (in D) of the
equation

(3.40) Lu=fcH.,

assuming that w is sufficiently small. We rewrite (3.40) in the form
u="Tu=A"Yf - Bu),

where A~! stands for the convolution with the Stokes fundamental solution
tensor £/ = (L) as given in (2.2). Since the Riesz transforms are bounded
on H'(R™), the operator V2A~! is bounded from H. to H'(R™). Thus,
direct calculation using (3.14) gives

IV2Tull 1 < Csll fllan + Callwl] + [Vl [Vl 1,

and so the affine map T is bounded from D to itself. The same calculation
shows

IV2(Tw = Tv) [ < Ca(fwl + V][V (u = v)ll a1,

and therefore T defines a contraction map on the space D provided w
is sufficiently small. The solvability of (3.40) in D is thus proved for all
f € H.. This proves Corollary 3.6. O]

COROLLARY 3.7. Under the assumption of Corollary 3.6, we have
(3.41) tlim le ™" aljvamo = 0 for all a € VMO,.
Furthermore, L* is injective on VMO, .

PrOOF. The injectivity of L* follows by duality from the fact that
R(L) is dense in H.. On the other hand, since

le " L*b|lvmo = ||[L e bllvmo < Ct7|bllvmo — 0 as t — oo,

it suffices to show that R(L*) is dense in VMO, in order to deduce (3.41).
To see this density property, suppose that a € H le = (VMO,)* satisfies

(a,L*b) =0 for all b€ D(L").
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Then, for all b € D(L*) we have
0= (a,L*(I +L*)7'b) = (a,(I + L*)"'L*b) = (I + L) 'a, L*b).

Since (I + L) !a is in D(L), we get L(I + L)"'a = 0. The injectivity of L
then implies (I + L)"'a = 0, and so @ = 0. Thus, R(L*) is dense in VMO,
by the Hahn-Banach theorem. The proof is complete. [

We conclude this section with the following, which is obtained from
Corollary 3.5 via the Sobolev embedding, duality, complex interpolation
and the semigroup property.

COROLLARY 3.8. (i) For 1l <r < oo there is a constant ¢ > 0 such
that if

[wll +[[Vw]| <,

then we have the following: When 1 < r < oo, both {e '};>¢ and
{e " V>0 define bounded analytic Cy semigroups on LL. If r = 1, then
e tL >0 and e tL” >0 define bounded analytic Cy semigroups on H!
= = o
and VMO, respectively.
(i) Forl<r <gq< oo there is a constant ¢ > 0 such that if

lw] < ¢,

then

le™*2all, Ct=n/r=n/02| ],

<
le=ally < Ct=C/rmD2]al,.

(iii) The estimate in (ii) for {e=**};>0 holds for r = 1 if we replace

1 Alr by [ [l
(iv) For1l <r < oo there is a constant ¢’ > 0 such that if

lw] + [[Vw]| < ¢,

then
le™ allByo < Ct"*"||all;.

This estimate holds for r = 1 if we replace || - ||+ by || - || g1 -
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REMARKS. (i) Using Corollary 3.8 and the fact that CG,(R") is
dense in L], for all 1 < r < oo, we see that if ||w]| is sufficiently small
depending on r, then

(342)  lim le7al, =0 forall ac L and 1<r < co.

The same is true of the operator L*. Consequently, the operators L and L*
are both injective and have dense ranges in all L. Indeed, if La = 0 or

L*a =0, then e **a=a or e *"a = a; and so

|lal|, = lim ||e*tLaHT =0 or llal|, = lim He*tL*aHr =0.
t—o0 t—o0

Hence, L and L* are both injective, and so by duality they have dense
ranges.

(ii) All the results of this section remain valid if we replace (1.3) with
(1.1) or (1.2'). Indeed, the whole results are based on Lemmas 3.1 and
3.3; and the conclusions of these lemmas remain valid if we replace ||wl||
and [|[Vw|| by [|[w||nw and [[Vw]|, /2., respectively. This fact will be freely
used in Section 5 in discussing L' stability of stationary flows w satisfying
condition (1.5), which is clearly stronger than (1.2).

(iii) Obviously, we need no assumptions on the size of the derivatives
Vw to deduce Corollary 3.8 (i) for 1 < r < oco.

4. Stability in H.

We first introduce the standard notion of weak solution of problem (3.6),
which is essentially due to Masuda [16]. Let a € L2. A weakly continuous
function w : [0,00) — L2 is called a weak solution of problem (3.6) if

u(0) = a; we L®0,T : L?) and Vue L*0,T : L?)
for all 0 < T < oo; and if the identity
t
(). ¢(0) = (uls), ¢(s)) + [ (Vu, Vp)dr
t # t
= / (u, o )dr — / (Bu+ u - Vu,p)dr

holds for all 0 < s <t and all ¢ such that

(4.1)

e CY[s,t] : L) NC([s,t] : L") and Vg e C([s,t] : L?).
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The condition ¢ € L7 is needed in the case n > 5 for the nonlinear term in
(4.1) to make sense. The existence of a global-in-time weak solution for an
arbitrary a € LZ, is now well known. But, the uniqueness and the regularity
of weak solutions still remain open.

In this section we shall prove the following, which is one of the main
results of this paper.

THEOREM 4.1. There is a constant £ > 0 such that if
(4.2) [w]| +[[Vw]| < ¢,

then for each a € HL N L2 there is a weak solution w of (3.6) satisfying

(4.3) u(t) € H. for all t>0,
and
(4.4) ltlim llw(t)|| g = 0.

Proor. Given an a € L?,, the approximation method as given in
[11,22, 23] provides a weak solution u satisfying the energy inequality

t
(B) w3+ 2/ (IVul3 + (u- Vw, u))dr < |la]|j  forall t>0.
0

The Poincaré—Sobolev inequality

u 2
<
9 n—2

[Vaull2

||
implies
U

[(u- Vw,u)| = {w,u- Vu)| < |lw] - [[Vul 2]

2
< ———Jw| - |Vul?
S as sllwll - [Vull,
and so we have
2 2 2
IVallz + (u -V, u) = {1 = ——[lw]] ) [|[Vullz.
Therefore, if |w|| < (n —2)/2, then the energy inequality (E) gives

(4.5) [u@®l2 < llall2, /O IVul3dr < Cllall3.
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On the other hand, if @ € L2 N H., then Corollary 3.8 gives
le™"all2 < Ct~*||al| 1

Furthermore, denoting by E\ the spectral measure associated to the positive
self-adjoint operator A in L2, we see by Corollary 3.8 that

le™* Exvllpmo < Ct V2| Eyvlln
< Ct71/2‘|A(n72)/4E)\,UH2 < Ct71/2)\(n72)/4||v||2’

and so
(Exe™"EP(u-Va),¢)| = [{u-Vu,e” D By
Cllu- Vall g e Exibllzmo
C(t = )7 PACD A o Vul|2 ]|z
for ¢ € CF,(R™). Here we have applied the following estimate, due to [5] :

<
<

[ Vul[ g < Cllull2][Vull,.
Since (L2)* = L2, we thus obtain
1Exe™ "D P(u - Va)llz < C(t = 1) 2AN24 |2 V-

Therefore, the argument in [3] shows that if w is sufficiently small in the
sense of (4.2), then for any a € LgﬂH}T there is a weak solution u satisfying
energy inequality (E) such that

(4.6) lu(t)[l2 < C(1+)~4

A detailed proof of (4.6) will be given also in Section 6. We will now show
that this solution w satisfies (4.3) and (4.4). By the definition of weak
solution we have

() ) = (e au(s),0) — [ Ve g

for all ¢ € C§,(R") and 0 < s < t. This is easily derived by setting
(1) = e~ 7L in (4.1). Due to the boundedness of the semigroup
{e7t"};50 on VMO,,, we see that

t
o) < (I a)lm + [ e Valndr) [@o

IN

IN

t
(I (@)l + € [ ull|Valadr ) [6]vsio.
S
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Since (VMO,)* = H. and since 0.0 (R™) is dense in VMO, taking s = 0
we obtain
t
lu@®llgr < lle™"allm + C/O [wll2l[Vull2dr
1/2

t 2, ot
a0 ([ ulgar) ([ Ivulier) <o,
0 0

and this proves (4.3).
We can now deduce (4.4). A similar estimate using (4.6) gives, for all
0<s<t,

t 2 ot
fal < e )+ ([ ular) ([ Ivulgar)

le= = e (s) |1

+c(/ (1+T)_"/2d7> (/ ku%m)
0 s

00 1/2
e~ u(s) i + € ([ [ Vulfar)

IA

1/2

IN

(4.7)
since n/2 > 1 (recall that n > 3).

Now let € > 0. By (4.5) there is an s > 0 so that the last term of (4.7)
is < . Hence,

lu@®) g < le” D Tu(s)||g +e  forall t with ¢ > s.

Applying (3.31) thus gives

limsup [u(t) [ < Jim fle I u(s) i +e = <.
Since € > 0 was arbitrary, this proves (4.4). The proof is complete. O
5. Stability in L.

In this section we consider the stationary flows w satisfying (1.5), i.e.,

(51) we LMYRYNLPRY),  Vw e LWY2D(RY) N LP(RY),
and show that w is stable under perturbations from the space

Ll ={ucL'(R") : V-u=0}
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provided [[w|| (s, 1)+ [|[Vw||(n/2,1) is sufficiently small. Since L9 ¢ [re) =
L7, for all ¢ < oo, and since the results of Section 3 are all valid with ||wl||
and ||[Vw|| replaced by ||wl[nw and |[|[Vaw][, /2., respectively, we can freely
use the results of Section 3.

Although the idea of the proof is basically the same as that given in the
previous sections, we need some modifications of estimates given in Lemmas
3.1 and 3.3 in order to discuss the time-evolution of perturbations not in
H! but in L!. These modifications are given in the following, in which the
property (5.1) plays a decisive role.

LEMMA 5.1. Letn/(n+1) <p <1. Then we have the estimates

| Bul|1 C(llwll n,1y + VWl (1 /2,1)) | Aul]1,

<
5.2 P
G2 Bulm < Ul ) + [Vw]E, oy )PV 0

Proor. To prove the first estimate, it suffices to show the following
two estimates

(5.3) [w - V|| < Cllw]| g [ Aulls,
(5.4) [ Vwll g < Cl[Vwl| gzl Auf-

Indeed, (5.3), (5.4) and the boundedness of P on H'(R") together imply
that

[ Bully Cl|Bullgr < C(llw - Vu| g + [Ju - Vwl| 1)

<
< C(Jlwl 1) + VW (n/2,1)) | Aull1,

and we get the first estimate of (5.2). To show (5.3), we proceed as in the
proof of Lemma 3.1 to get the estimate
e * (w - V)| < CM(Jw]|®)V/*M(|Vul?)/?,

where 0 <a<n,0<f<n/(n—1),and 1/a+ 1/ =1+ 1/n. We apply
(3.19) to get

1 (Jaw|*) M ([l )0l < M (o) oy 1 (V) 1)
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Since

1M (|w|*)*|n1) < Cllw|l(n,y) and
“M(’vu‘ﬁ)l/ﬁun/(n—l)M < CHqun/(n—l),wv

it follows that
[w - Vullgr < Cllwl [ Velny/m-1)w
Estimate (5.3) now follows via the Sobolev inequality [25]
IVl (n-1)w < CllAuly.

Estimate (5.4) is similarly deduced with the aid of the Sobolev inequality
[25]
[wlln/(n-2)w < CllAu]1.

Finally, the second estimate of (5.2) is obtained as in Section 3, since

||’ll, q,w < ||u||(q,p) < C||v2u”Hp and
IVullrw < [IVullgy < CIVAu]ar

for 1/¢ = 1/p — 2/n and 1/r = 1/p — 1/n, respectively. The proof is
complete. [

COROLLARY 5.2. (i) For any 0 < w < m/2 there is a constant n =
n(w,n) > 0 such that if

|wlln,1) + IVl /2,1y < 1,
then there is a constant C > 0 such that, for all X € C\0 with |Jarg \| < 7—w,
(5.5) 1A\ + L) Ml < Cllul /N2 (7=10,1,2).
Hence, {e*tL}tZO defines a bounded analytic Cy semigroup on L}T such that
(5.6) |A72e aly < Ct7Pally (5 =0,1,2).
(ii) Under the assumption of (i), L is injective and has a dense range

in LY, and
(5.7) tlim e~ al; =0 forall a € L}.
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(iii) To eachn/(n+1) < p <1 and each w with 0 < w < 7/2, there
corresponds a number ' =n'(p,w,n) > 0 with n’ < n such that if

w1y + [V 21y <7
then we have
(5.8) [+ L)l < Cllwflge/[A"HP7D2 0 (larg A < 7 — w),

and therefore
(5.9) le Hall g < Ct™/P=1/2| || .

PROOF. (i) is proved in the same way as in Section 3, by using Lemma
5.1, the expansion

[e.9]

AP+ L) = APA+ AT Y [-BA+ A) 7Y,
k=0
and the estimate
A2\ + A) "ty < Cllull /I (JargA| <7 —w, j=0,1,2).

This last estimate follows immediately from the fact that the semigroup
{e7'4},>0 is bounded analytic in the space L.. Estimate (5.6) is obtained
via (3.36) from (5.5). Since Cg,(R") is dense in L} (see [17]), the semigroup
{e7tF},>0 is strongly continuous in L.

(ii) Firstly, from Lemma 5.1 and estimate (5.5) with j = 2, we get

Cil|Aully < [[Lully < Cof|Aulf;.

Since A is injective in L., so is L. Secondly, we introduce the completion

D of D(L) in the norm ||Aul|;, and see that
D={ueLl¥" IR : Vue LY DR"), Auc LL}.
We can always solve in D the equation

Lu = f € CZ(R")
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assuming that ||w||(, 1) + [[Vw]|(n/2,1) is small enough. Since CF,(R") is
dense in L. as was shown in [17], it follows that R(L) is dense in L ; and
so (5.7) is valid.
(iii) Estimate (5.8) is obtained in the same way as in Section 3 by
employing
|Bullis < Cwll ) + 9w, 1 )220l

instead of (3.28). Estimate (5.9) is deduced from (5.8) via (3.36). The proof
is complete. [

We can now prove our main result of this section.
THEOREM 5.3. There is a constant £ > 0 such that if
[wll(n,1) + VW[l (ny2,1) < £,

then for each a € LE N LY, problem (3.6) possesses a weak solution w such
that

(5.10) u(t) € L} for all t >0,
and
(5.11) tlim |lu(t)||1 = 0.

PROOF. As in the proof of Theorem 4.1, we get a weak solution u
satisfying the energy inequality (E). Since

[(u-Vw, u)| = [(w, w- V)| < [[wlln][won/-2) Va2 < Collwll g [ Vull3,

we see that (4.5) holds provided ||w]|(,, 1) is small enough.
Now, an analogue of Corollary 3.8 gives

le~"alls < Ct™"/*|al|r.
Furthermore, since

Ct= 2| Eyvl|, < Ct™ V2| A2/ By o)),

le™" Exvllyo <
< C«t71/2>\(n72)/4”v||27
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which follows by duality from |[le”"all, /1) < Ct12|a|;, <
Ct~'/2||al| 1, we can show in the same way as in Section 4 that

1Exe™ "D P(u - Va)llz < C( = 1) 2AN2 |2 V-
Hence, as in [3] one can deduce the estimate
(5.12) lu(®)]l2 < C(1+8)"%

A detailed proof of (5.12) will be given also in Section 6. We next substitute
in (4.1) the function ¢(7) = e~ Py 4p € CP(R™), s < 7 < t, to get
t

(5.13)  (w(t),d) = (e~ Lay(s), ) — / (w- Vu, eI pyydr,

S

since Pu = u and Pe '’ = e7*£. We set s = 0 in (5.13) and estimate the
right-hand side, to obtain (see Remarks below)

t
(@ 0) < e alulle+ € ([ lu: Vulmdr ) [Poavo
t
et alhllv + € ( [ lullaValadr ) 14 avo
t
(let*aly + € [ ull|Valadr ) 6]

—~
ot
—_
=~

~—

IA

IN

Here we have used the boundedness of P in BMO and the fact that L> C
BMO with continuous injection. This shows that w(¢) is a finite Borel
measure on R” for all ¢ > 0, so we find that u(t) € L. for all t+ > 0, and
this shows (5.10). The same calculation gives

t
lu()ll < [le™ = u(s)| +C/ [ull2l[Vull2dr,

for all 0 < s < t; and the desired decay result (5.11) is now obtained in
the same way as in the proof of Theorem 4.1, by applying (4.5), (5.7) and
(5.12). This completes the proof. [

REMARK. A comment on the duality argument in (5.13) and (5.14)
will be in order. As we have shown in [17], any @ € L. has mean value zero
on R". Thus, in (5.13) with s = 0, the first term on the right-hand side
indicates the duality between the space L{ of L' vector-functions with mean
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value zero and the quotient space L*°/R", while the second term means the
duality between H'(R™) and BMO/R™. Now, the operator P defines a
continuous linear operator from BMO/R™ to itself, while the continuous
inclusion L* C BMO gives rise to the continuous inclusion L*°/R" C
BMO/R". So, estimate (5.14) implies that the map ¢ — (u(t),v) defines
a continuous linear functional on L*/R"™. But, obviously, the canonical
projection from L* onto L*°/R" is continuous. We thus conclude, by taking
¥ from C°(R"), that the map ¢ — (u(t), 1)) defines a finite Borel measure
on R™, and so the function w(t) is in L.. This argument will be applied
also in Section 6.

6. Decay Rates of Perturbations in H. and in L

When w = 0, we proved in [17] that if
le”allyr = O(=%) or [le”aly = O(t7?)

as t — oo for some B > 0, then there is a weak solution wu satisfying,
respectively,

lu@)llgr = 0@ ?) or Ju()|i =0@?),  with ~=min(L, ).

This result is deduced with the aid of the result of Wiegner [29], which
asserts that
lu(t)lls = O@F"/41/2).

As is shown in [24], the largest exponent n/4+v/2 = (n+2)/4 in the above
decay estimate is optimal. By carefully examining the idea of the proof,
we readily see that this largest exponent comes from the exponent of the
elementary estimate

(6.1) le™allgos < [[Ve Aalloe < CE 2/ a2,

where | - [|co,1 is the norm of the homogeneous Lipschitz space C%1(R™). In
this section we deal with the decay problem in the case w # 0 and prove
the following

THEOREM 6.1. (i) Suppose that w satisfies (1.5). For each0 < f <1
there is an n > 0 such that if

|wll(n,1) + IVl (ny2,1) <,
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then we have the following : For each a € L2 N L} satisfying
(6.2) le al, =0t P?)  as t — oo,

there is a weak solution uw such that, ast — oo,

(6:3)  Ju@®lz=0"*F2) and  Ju(t) = O@¢).

(ii) Suppose that w satisfies (1.3). For each 0 < B < 1 there is an
n' > 0 such that if
lwl| + [Vw|| < 7',

then we have the following : For each a € L2 N H satisfying
(6.2') le™al; =0 ??)  as t — oo,
there is a weak solution uw such that, as t — oo,

63)  lu@lz= 0@ and  Ju@llm = O 2).

REMARK. When w = 0 we have shown in [17] that the result holds
also for 8 = 1. However, when w # 0, our method cannot be applied, since
we know nothing about the validity of the estimate

(6.4) le™ allg < Ot |lall yusenens

where H? denotes the weak Hardy space. If w = 0, then (6.4) is valid
(see [17]); and this fact was effectively applied in [17] to get the decay
result including 5 = 1. To deduce (6.4) by means of the Neumann series
expansion for the resolvent, we have first to show that

_n_ _n_ 1
1Bull /ey < Clwl[FT + [ Vel 757) 0 [ V2l sy
or

_n_ _n_ 1
1Bl oy < Ol + 19017 1) 7 1920 .

However, the validity of these two estimates is an open problem. We here
note only that these estimates are valid if we replace ||V2ul| gn/(nt) DY

||v2u||Hn/(n+1)-
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To prove Theorem 6.1, we need a few preliminary lemmas. The next
lemma gives us the key tool for deducing decay rates of ||u(t)||2.

LEMMA 6.2. Let Ey, (A > 0), be the spectral measure associated with
the positive self-adjoint operator A on L2. If0 < 3 <1, 3 =n(1/p—1)
and 1/q=1/p—1/2=1/2+ 3/n, then we have

(6.5)  [|Exe” " P(u- Vo)ll2 < Cg(t — )~ PHIEAC2 A ||| Vo]

provided that ||wl|| + [[Vw]| or ||wl|,1) + [VWwl|(/2,1) s sufficiently small,
depending on (.

ProoOF. Taking ¢ € Cf,, we apply a duality argument to get, by
(3.29),

(Exe™"EP(u- Vo), 4)|
= ’<e—(t—T)L/2p(u V), e_(t_T)L*/QE,\wH
< C(t—7) 2|l Vol golle 2Byl Buo
< Cllullgl[Voll2(t — 7)~2|le” D2 Eyapl|pmo.

But,

Ct =)~ 2 Extilln
Ot —7) 2| A2 Ey |2
Ot —7)" 2A=D Ay,

le= L2 By llpmo

(VAN VAN VAN

and so the result is proved. [

Finally, Lemma 6.3 below enables us to apply a bootstrap argument
with respect to the exponent § for completing the proof of Theorem 6.1.

LEMMA 6.3. Under the assumption of Theorem 6.1, suppose that w
satisfies (1.5). Then for each a € L2 N L. with property (6.2), there is a
weak solution w such that

(6.6) / IVul2dt < +o0;
0

t 1/2
6.7)  [[ul®)ls < C(1 +)"AB/2 4 cy-n=p)/4 (1 / Fdr)
0
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with
t
68) PO = [ (t=n 2l 1/g=1/2+ B/ns
0

and

t/2 1/2
69 ol < oo et ([ )
0

; 1/2
e (/ HqudT> .
t/2

Let w satisfy (1.3). Then, if a € L2 N HL satisfies (6.2"), there hold (6.7)
and

/ —B/2 —B/2 t/2 2 i
6.9 lw(®) | < C(1+ )82 + Ct /O | 2dr

t
+C (/ ||u||§d7'>
t/2

ProoOF. We first prove (6.6) and (6.7). To do so, we assume that u is
smooth so that the calculations below are all legitimate. The rigorous proof
of (6.6) and (6.7) is then carried out first by applying the argument below
to approximate solutions as given, e.g., in [11,22,23] and then passing to
the limit.

The argument below is essentially due to [22] (see also [3,4, 11,23, 29)]).
We start with

1/2

d
%IIUI@ +2([|Vaull3 + (u - Vw, u)) =0.
Applying the estimate

({u-Vw,w)| = [(w,u-Vu)| < [wln|[w]znm-2) Vel
Collwll o, 1) [ Vull3,

IN

we obtain

IVall3 + (u- Vw, u) > (1 = Col|lw]| 1) | Va3
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Thus, if w is small as assumed in Theorem 6.1, then
d
(6.10) 77 l[ull3 + 2Co [ Vull3 < 0

for some Cjy > 0. Integrating this gives (6.6). Furthermore, for an arbitrary
o0 > 0 we have

IVulf = 142l = [T Bl > [ Ad|Ewl3
e

> o [T dlBwl = ollul} ~ 1 Zul})
and so (6.10) implies that
(6.11) %HUI|2+CO)\IIUH2 < Al Exulla.
To estimate the right-hand side we invoke the integral equation
(6.12) u(t) = e tha — /O DL Py V) (r)dr.

By Lemma 6.2, the boundedness of the semigroup {e™**};>¢ in L2, and the
fact that

||67tLCL||2 — ‘|€ftL/2€ftL/2a||2 < thn/4||677§L/2a||1 < thn/4fﬁ/2

for large t > 0, we obtain

t
[Bxuls <l als+ [ |Bre AP Va)adr

A

t
e alls + CA2/ [ (¢ ) 0 |Vl dr
0

< C(l+t)—ﬁ/2—n/4+C/\(n—Q)/4F(t)1/2G(t)1/2’
where .
G(t) :/ (t — )=+ 2.
0
We substitute this in (6.11), take A = m/(Cot) with m = %2 multiply
both sides by t"*, and integrate in ¢, to get
(6.13) [lu(t)s < C(1+1) 2/

1 rt 1/2 1 rt
+ /A ( / FdT) ( / GdT)
t Jo t Jo

1/2
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But, direct calculation using (6.6) gives

l/t Gdr < Ct=(B+1)/2
t Jo -

and so we get (6.7) from (6.13).
To prove (6.9) we invoke

t

(wlt) ) = (e ut/2),6) ~ [ (- Vu,e O Pydr
t/2
with ¢ € C2°(R"™), to get
ful®). )
t
< e 2u(t/2) 1@l +C [l Tulla] Pélnvodr
t/2

t
<c (ne—wu(t/m o ||uu2||wuzd7) ¥l

. 1/2 ' 1/2
||e—tL/2u<t/z>||1+</ ||u||§d7> (/ Hvunng) ]nwnw
t/2 t/2

so that, by (6.6) and Remark at the end of Section 5,

<C

. 1/2
6149)  Ju®lh < e 2u(t/D) +C ( L, ||u||§dr> .

On the other hand, from (6.12) we have

(e Pu(t/2),0) = (u(t/2),e " Py)
— <€_tL/2CL, e_tL*/Qsz)

t/2 * *
—/ (u - Vu,e” /2L =t 2 pyy dr
0
t/2
— (e ay) - [P V), g)dr
0
so that, by (3.29) and (6.6),

(e Pu(t/2), )] < e Palil|¢lo
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t/2 )
+C/0 (t = 7) 2|l | Veell2 ]9l BrOdT

IN

t/2
[ne—%nl oo ||u||q||wr2d7] el

+/2 1/2
He_tLaHl + OtP/2 (/0 HqudT> |9l 0o

IN

Therefore,

t/2 1/2
le B 2u(t/2)])1 < O(L+t) P2 + ot P2 ( / ||u||2d¢> :
0

Combining this with (6.14) gives (6.9). Estimate (6.9") is deduced similarly.
This proves Lemma 6.3. [

PROOF OF THEOREM 6.1. We give a detailed proof of assertion (i);
assertion (ii) is proved similarly by employing (6.9’) instead of (6.9).
(I) Since |le"*Fally < C(1+t)~"/*, we already know that

lu@®)llz < C(L+0™* and  lim [lu(t)] =0.

Hence [[u(t)lly < [lu(t)|7”"lu()]l; """ < C(1+)#/2=7/4 This implies
that
1 CtP/2-1 (B>n/2—-1, n=23)
- / Fdr<{ Ct-B+0/2 (0<g<n/2-1)
0 Cst=3/4t0  (3=1/2, n=3)
for any small 6 > 0. From (6.7) we see that, for any small 6 > 0,

(6.15) [u()s < CA+t) P2 n/A
C+t)7! (B>n/2—1, n=3)
+{8 CA4t) B2t (0<B<n/2-1)
Cs(1+ )71+ (B=1/2, n=3).

(I) Suppose 0 < § < n/2 — 1 so that ||u(t)|]z < C(1 4 t)~#/2-7/% by
(6.15). Then (6.9) gives

@i < C(L+t)P2+C(1+t)/2B82n/A

s t/2 ) 1/2
Lot / lul2dr | .
0
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But, (6.15) and the boundedness of ||u(t)||; together imply that
lu()llf < C(L+ 1) (72 = O (14 1) m/2020m,
and so

@i < C(L+t)P2+C(1+t)/2B2n/
+ O(1 4 ¢)3°/mH1/2=n/4=5/2,

Since 0 < # < n/2 — 1, this proves the desired result for ||u(t)]]1.
(III) Consider next the case # > 1/2 and n = 3. From (6.15) we have

CL+8) 4205 (3>1/2
Ju)llq < { 06((1 + z)—2(1—5)/3 Eﬁ i 1;2;

for any small 6 > 0. Then (6.9) gives

C(1+1t)=P/2 (B < 3/4)
(6.16) Ju(®)i <CA+t)2+{ Cs(1+1)73/810  (5=3/4)
C(1+1)7V/20/6 (5> 3/4)

for any small 6 > 0. Thus, for 1/2 < 3 < 3/4, estimate (6.16) gives the
desired bound for the norm |[u(t)|/;. In this case we have

()2 < Cs(1 + £)=28°/3+2(-1+0)1-28/3)

for any small 6 > 0. Since 203/3 < 1/2, we can take § > 0 so that the last
term is integrable in ¢ € (0, 00). We thus have

1/2

(1 /thr> < ¢t~ (B+)/4
t Jo -

and so (6.7) gives the desired result for ||u(t)||2 with 1/2 < 8 < 3/4 and
n=3.
(IV) 1If3/4 < <1 and n =3, then (6.16) and (6.15) together yield

2 C(1+ )" 2F26/3426%/9 (5 > 3/4)
HU‘(t)Hq < { 06(1 —I—t)_11/8+6 (ﬁ — 3/4)
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for any small § > 0. Thus, ||ul|? is integrable in ¢ € (0, 00), and so

1/2
(1 [ par)" < crweon
t Jo -

Substituting this in (6.7) gives
lu(t)] < C(1+ t)*ﬂ/2fn/4

and this shows the desired result for [lu(t)||2. Since ||lul|? is integrable in
t € (0,00), the desired bound for ||w(t)|; in the case 3/4 < f < 1 is now
obtained from (6.9). This completes the proof of Theorem 6.1. [J

As is seen from the above argument, estimates (3.34) and (5.9) play a
crucial role for deducing the exponent 3. Thus, to improve our decay result,
it would be desirable to improve (3.34) and (5.9) to the form which covers
some exponent p < n/(n + 1). However, even if this is the case, it seems
impossible to get an improved decay rate for solutions to the nonlinear
problem. Indeed, we have the followng

PROPOSITION 6.4. Let w € L2 N LY and Vu € L?> N L" for some
1<g<ooandl <r < oo with

1/¢g+1/r=1+1/n.
If u-Vu e HY0)  then u = 0.

Because of Proposition 6.4, we cannot apply our method in order to de-
duce an improved decay rate from the nonlinear term
f(f(u - Vu, eI Py)dr. In this sense, our decay result seems to be
optimal in the case w # 0, insofar as (1.3) or (1.5) is assumed.

PROOF OF PROPOSITION 6.4. The assumption implies w € H™ ("t

L'. We thus see that (see [26, p. 128]) the function |z|-|u - Vu| is integrable
on R" and

(6.17) /xju - Vuedx = Z /xjﬁk(ukw)dx =0 for j,0=1,---,n.
k=1
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Here we take ¢» € C2°(R") such that ¢(x) = 1 for |z| < 1, ¢(z) = 0 for

|z| > 2, and set Y (x) = ¢ (x/N) with N > 0. An integration by parts then
gives

Z /:L’jak(ukuz)dfc
k=1

= lim Z/l‘j@b[\/@k(uku@dl‘
k=1

N—oo —
= — lim /6~ upUpdr + zi(0 UpUpdT
NHOO};[ kN Uk N <lal<an i (O N Jugug ]

= — ]\}E)IIOO(ILN + .[27]\[).

Since w is in L?, an elementary calculation shows
n
A}im Iy = lim Z /6jk¢Nuku@dx = lim /¢Nujuzdx = /ujugd:r,
—00 N—oo P N—oo

and, with M = sup |V,

ILn| < 2nMN7! N|u|?dz
N<[|z|<2N

= 2nM lu|?dz — 0 as N — oo.
N<[a|<2N

Hence, (6.17) gives
0:/:rju-Vudx:—/ujugdx for j0=1,---,n,
and therefore w = 0. This completes the proof. [J

7. More on Decay Rates in Lé

Up to the previous section we have treated stationary flows w satisfying
(1.3) or (1.5). However, the flows satisfying (1.2) or (1.6) contain more
informations on the spatial decay. For example, property (1.6) implies w €
L" for n/(n —1) < r < c0; and when n > 5 and ¢ = n, property (1.2)
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implies w € L" for 2 < r < co. With these examples in mind, we shall

consider in this section the flows w satisfying

n—2
2 )

(7.1) |lw]| < w € L2([R"),

and discuss the time-decay of perturbations in L2 and in L.. As will be
seen from the argument below, one can replace (7.1) by

(71  w e L*([R™) N L"(R"), and ||wl, is sufficiently small.

Assuming (7.1) or (7.1"), we shall show that there are lots of weak solutions
of the perturbation problem which decay in L}, like ¢~1/2. Furthermore, it
should be noticed that we will need in this section neither conditions on the
derivative Vw, nor detailed analysis on the linearized operator L = A + B.
Indeed, the result will be directly obtained from the integral equation :

¢ t
u(t) = eAa— / e~ (=" ABu(r)dr — / e "AP(u - Vu)(r)dr
(7.2) 0t ’
Lty / PVe Y w@u+u®w+ueu)(r)dr
0

The result is stated as follows.

THEOREM T7.1. (i) Under the assumption (7.1) or (7.1"), there exists
for each a € L2 a weak solution w such that

(7.3) lim ||u(t)]|2 = 0.

t—o0
Furthermore, if He*tAaHQ < C(1+1t)~¢ for some o > 0, then
(7.4) lu(t)]s <CA+t)"P  with 8= min(a, (n+2)/4).

(ii) For any a € L2 N L}, the weak solution w treated in (i) lies in L}
for all t > 0 and satisfies

(7.5) Jim [[u()lly = 0.

Furthermore, if ||e"*all; < C(1+t)~® for some o > 0, then

(7.6) lu@)]: <CA+t)77 with ~ = min (,1/2).
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REMARKS. (i) Part (i) of Theorem 7.1 is due to Grunau [9]. He
treated the case where

n =3, |lwl] < (n—2)/2, weL'(R") (2<r<n)

and proved that if [[e*4alls < C(1 +1)~%, there is a weak solution u such
that

(7.7) Jlu@®)|le <CA+t)""  with f=min(a,(n+2)/4,1/2+n/2r).

Our proof of Theorem 7.1 given below can be adapted to deducing (7.7) in
the case of general space dimensions n > 3.

(ii) Part (ii) is intended merely to show the existence of a weak solution
w which decays in L} like t=1/2 under the assumption (7.1) or (7.1’), and
we aim at no generality on the conditions to be satisfied by the stationary
flows w.

(iii) Examples of initial velocities @ € L. N L2 satisfying ||e *4al|; <
C(1 + t)~ are furnished by (higher-order) derivatives of vector fields in
Co,(R™). Indeed, such vector fields satisfy the moment condition

[wa@dz=0 (1] <m)
for some integer m > 0, and this implies the estimate

le™alls < C(1+ )~ (mHD/2,
The case m = 0 is discussed in [17].

PrROOF OF THEOREM 7.1. We consider only the case where w satisfies
(7.1). The other case that w satisfies (7.1’) is treated similarly.
(i) Assuming (7.1), we obtain as in Section 6

d
g+ 2Col| Vull3 <0,

and so ~
(7.8) u()ll3 < [lalf3; /O IVulj3dr < Cllalf3.
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In the same way as in Sections 4, 5 and 6, we introduce the spectral measure
E\ associated with Ay in Lg, to deduce

d
(7.9) g lull2 + CoAl[ullz < M| Exullz.
But, since Eye 4 = ¢t E), from (7.2) we get
A ¢ t
| Exull2 < |le”all2 +/0 HEABUH2dT+/O |ExP(u - Vu)l2dr.
Here we invoke the following

LEMMA 7.2.  Under the assumption (7.1), we have

1ExBullz < CAMF2/4 w2

(7.10) 1EAP(u - Tu)lls < CACH2/4 3.

[e.o]
PROOF. For ¢ € L2, we have Eyp € C®(A) C ﬂ W™2(R™), and so

m=1
[(ExBu, 0)| = [(w ® u+ u®w, VEx)| < 2||wll2]|w]2]|V Exelloo
(ExP(u- V), 0)| = [(u@u, VEA@)| < |ul3]|VExgllo-
Since the Gagliardo—Nirenberg inequality ([8]) gives
1/2 1/2 1/2 1/2
IVExplloo < CIVEA@|B IV Exgllsl < ClAYVExgl|32 | AErp |3,
< CATIAE |y 2 AT By |3 < CATI A g,

we obtain (7.10) via the duality (L2)* = LZ. This proves the lemma. (]
Now we combine (7.10) with (7.9) to get

d
(7.11) Jllull2 + CoAllull>

t
< O (Il a4 A [ (fal + ul)ar ).
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We set A = m[Co(1+1)]7! with m > 1+ 22 in (7.11), multiply both sides
by (1+41¢)™, and then integrate the resulting inequality with respect to ¢, to
get

12 Ju@le < $ [ e alar
+00+ 070 [l + ful3r

Since e *al|s — 0 as t — oo for all @ € L2, and since ||ulls € L®(R,) by
(7.8), it follows from (7.12) that

t
lu(t)]|2 < g/o He_TAaHQdT +C(1+ t)l/Q_”/4 —0 as t — oo.

This proves (7.3).
Suppose now that ||e*4alls < C(14t)~ for some o > 0. Since |jul|z €
L>*(R4) by (7.8), we get from (7.12)

lw(®)|l2 < CL(1+8)"% + (1 + t)V/2 /1),
Hence, ||u(t)||2 = O(t™?) if & < 1/4. In the opposite case we have ||u(t)||2 <
C(1+ t)—1/4; S0
t t
) bz <o [l < o0,
0 0
and therefore by (7.12)
w(t)]]2 < C[(1+ )" + (1 + )/47/4].

Thus, [|u(t)]s < C(1+8)"*if o < 1/4 —n/4. If o > 1/4 — n/4, then
lu(t)]e < C(1+ t>1/4—n/4; 0
C1+t)2 (n
' C1+t)'* (n
<
/0 frllr = Clog(1+t) (n
C (n

and

/ 2 dT<{ Clog(1+1t) (n=3)
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By (7.12) we see that

C(L+t)y=/4 (n=3)

—(1+n)/4 n=
(7.13) flu@®)l <CA+8)" "+ gg 12‘(””)/4 log(1 + 1) En _ ;l;
C(1+4t)~(n+2)/4 (n >6)

Hence, if n > 6, we conclude that
(7.14) |u(t)|o < CA+t)"" with 8 =min(a, (n+2)/4),

and (7.4) is deduced in all cases of &«. When n =4 or n = 5, we see from
(7.13) that

t t
AMMﬂTSQ Aum@hsc

Hence we get (7.14) via (7.12) and so (7.4) is completely proved also for
n =4,5 When n =3 and a > n/4, we have ||u(t)|ls < C(1 4 t)"* =
C(1+1t)73/4, and so

t t
/O lalladr < C(1 +1)V/4, /O |u|2dr < C.
Thus, (7.12) gives

lu@)ll2 < ClL+4) >+ 1+t

This shows [[u(t)|s < C(1+1¢)7® if @ < 1. In the opposite case we have
lu(t)|l2 < C(1+t)71, so that

t t
[ luldr < Clogt ). [ Jul3ar < c.
0 0
Hence (7.12) yields
[u(®)]2 < CLL+)7 + (1 + 1)~ *log(1 +1))].

This gives |lu(t)|ls < C(1+t)~* if @ < 5/4. When o > 5/4, we have
|w(t)||2 < C(14t)57%/ for all € > 0, and so

t t
/0 lullodr < C, /0 u|2dr < C.
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We thus get (7.14) via (7.12), and so (7.4) is completely proved also for
n=3.
(ii) To deduce L'-decay rates, we start with the second equality of

t
(7.15) u(t) = e a— / PVe A (w @ u+u®w + u@u)dr.
0

The integral on the right-hand side is estimated in Lcl, with the aid of the
following

LEMMA 7.3. The kernel function K, of the operator Ve t4 belongs to
the Hardy space HY(R™), with norm

1K | < CEV2,
where C > 0 is independent of t > 0.

Admitting Lemma 7.3 for a moment, we continue our discussion. From
(7.1), Lemma 7.3 and (7.15) it follows that

. 1(\3|;t(t)||1 < e tAa||1+0/ )" (lw @ ul + |lu© ulli)dr

< le” tAa||1+C/ (¢ =7) "2z + [l 3)dr

Since |le"*ally < C(1+t)""/* for a € L2NL, part (i) shows that ||u(t)||]2 <
C(14t)~"/%. Thus, (7.16) implies

lu@lh < e aly+ c/ (t— )" V2[(1 )7 1 (1 4+ 1)~ 2]dr
C(14 )~/ (n=3)
< Jle™ali +{ C(1+t)"2log(1+1t) (n=4)
C1+1)71/2 (n>5).
Since tlim le~*a||; = 0 because [a(z)dz =0 for all @ € L} (see [17]), we

conclude that
lim ||u(t)|1 =0,
t—o0

and so (7.5) is proved.
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Suppose next that |le”*4all; < C(1 + ¢)~® for some a > 0. Then
le~*alls < C(1+1t)~** and so part (i) gives ||[u(t)|s < C(1+1t)=F—n/4
with § = min (e, 1/2). Suppose first n > 4. Then § +n/4 > 1, and so
(7.16) gives

Ju®) < ClA+8)"+ (1 +1)~2.

This proves (7.6) for n > 4. Suppose next n = 3. If a < 1/4, then (7.16)
gives
t
lu@®)]i < CA+t)"*+ C’/ (t — T)—1/2[(1 n T)*O‘*3/4
0

+(1+7)" 23 dr
< ClA+8)+ 1+t V) <o+

If o = 1/4, then from (7.16) we have
w1 < ClA+8) "4+ (1 +1t) "2 log(1 4+ 1)] < C(1+t)~V4,
If > 1/4, then S+ n/4 > 1; so (7.16) implies
lu()h < CIL+8)*+ (1417,

We have thus proved (7.6) for all « in the case n = 3. The proof of Theo-
rem 7.1 is complete. [

PROOF OF LEMMA 7.3. Consider the function g(z) = 7~ "/2Velo* =
—27 "/ 2ge~ 17" Then

Ki(z) = (4t) "2V e 1o /4 = (44) = (D203 //a8) = (4t)~ D2 g, (2).
Thus, if g € HY(R™), then K; € H'(R™) and
Kl = (48) D2 gyl g = ()~ D22 gy = 12,

and the proof will be complete.

It thus remains to show that g € H'(R™). Let ¢ € C2°(R") be supported
by the unit ball centered at the origin, satisfying [ ¢dz = 1; and set ¢ (z) =
t~"p(x/t) for t > 0. Observe first that Young’s inequality gives |p; x g| <

lellillglloe ; s0 we get

(7.17) sup o * g| € L¥(R") € LY(By),
t>0
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where Bj is the unit ball centered at the origin. To find an appropriate
estimate for |z| > 1, we write g = V f with f = 7212 o get

(prxg)(x) = : ¢ (H) 9(y)dy

tn By(z) t
- 1 rT—y
= g [, 9 () fway

For any € R" with || > 1 and any t > (1 + |z|)/2, we get

A
(oo 9)@)I < gz [ 1@y < AQ+ )™,

t\T

with A > 0 depending only on n and ¢. If 0 < ¢ < (1 + |x])/2, then we get

C
(o x g)(z)] < lg(y)|dy < C sup lg(y)l
|Be()| /By () ly—a|<(1+]z])/2
< C sup |g(y)
lyI>(|J|—1)/2

with C' > 0 depending only on n and ¢. Since gisin &, for 0 < ¢ < (1+]|z|)/2
we have

(pexg)(@)| <C  sup  (1+[y)™" " <O+ |27
yl>(lal=1)/2

where C' > 0 depends only on n, ¢ and g. We thus conclude that

sup | (s * g)(x)| < AL+ |z[)™"? whenever |z| > 1,
>0

with A > 0 depending only on n, ¢, f and g. Combining this with (7.17)
gives

sup | * g| € LY(R™) ; and so g € H'(R™).

>0

This proves Lemma 7.3. U

REMARK. The above proof actually shows that if g = Vf and f € &,
then g € HP(R") for all p with n/(n+ 1) < p < 1, and even more, g €
H"/D)(R"). The same method applies to showing that if g = V*f for
some integer k > 1 and f € &, then g € HP(R") for all p with n/(n+ k) <
p <1, and even more, g € HY/ "T%)(R").
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