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Abstract
In a recent work of the author, a parabolic extension of the elliptic Ogawa type inequality has been established.
This inequality is originated from the Brézis-Gallouét-Wainger logarithmic type inequalities revealing Sobolev
embeddings in the critical case. In this paper, we improve the parabolic version of Ogawa inequality by allowing
it to cover not only the class of functions from Sobolev spaces, but the wider class of Hélder continuous functions.
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1 Introduction and main results

In [9], a generalization of the Ogawa type inequality [16] to the parabolic framework has been shown.
Ogawa inequality can be considered as a generalized version in the Lizorkin-Triebel spaces of the
remarkable estimate of Brézis-Gallouét-Wainger [4, 5| that holds in a limiting case of the Sobolev
embedding theorem. The inequality showed in [9, Theorem 1.1] provides an estimate of the L> norm
of a function in terms of its parabolic BM O norm, with the aid of the square root of the logarithmic
dependency of a higher order Sobolev norm. More precisely, for any vector-valued function f = Vg €
Wy R, g € L2(R™) with m,n € N*, 2m > 242 there exists a constant C = C(m,n) > 0
such that:

1/2
ey < € (1 I arogeery (187 (1 ygnom oy + loleqen) ™) (1)

where I/V22 "™ is the parabolic Sobolev space (we refer to [15] for the definition and further properties),
and BMO is the parabolic bounded mean oscillation space (defined via parabolic balls instead of
Euclidean ones [9, Definition 2.1]). The above inequality reflects a limiting case of Sobolev embeddings
in the parabolic framework (see [10, 11] for similar type inequalities, and [4, 5, 6, 12, 13, 14, 16] for
various elliptic versions). By considering functions f € VV22 "M(Qr) defined on the bounded domain

Qr = (0,1)" x (0,7), T >0,
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we have the following estimate (see [9, Theorem 1.2]):

1/2
1 le=gar < C (1 + (If 3o + 1f1n) (108% 1 llyznm o) ) )

The different norms of f appearing in inequalities (1.1) and (1.2) are finite since
W2y C1/2 s [ s BMO  for some 0< 7y <1, (1.3)

where C77/2 is the parabolic Holder space that will be defined later. Moreover, it is easy to check
that ¢g is bounded and continuous.

The purpose of this paper to show that the condition f = Vg € I/V22 "™ (vector-valued case), or
fe W22 "M (scalar-valued case) can be relaxed. Indeed, inequalities (1.1) and (1.2) can be applied
to a wider class of Holder continuous functions f = Vg € C7/2, 0 < ~v < 1 (vector-valued case), or
fecr/2 (scalar-valued case). To be more precise, we now state the main results of this paper. Our
first theorem is the following:

Theorem 1.1 (Logarithmic Hélder inequality on R"). Let 0 < v < 1. For any f = Vg €
CY2(R™) N LR with g € L2(R™HY), there exists a constant C' = C(y,n) > 0 such that

1/2
e < € (14 I arogeesn) (108 (1 leoronny + lallimoen) ). (10
The second theorem deals with functions defined on the bounded domain Q7.

Theorem 1.2 (Logarithmic Hélder inequality on a bounded domain). Let 0 < v < 1. For any
f € Cr/2(Qy), there exists a constant C = C(v,n,T) > 0 such that

1/2
Ifl=i0r) < € (14 (oo + 1lan) (It (Ufleaan) ) 05)

We notice that inequalities (1.4) and (1.5) directly imply (with the aid of the embeddings (1.3)) (1.1)
and (1.2).

Remark 1.3 The same inequality (1.4) still holds for scalar-valued functions f = g—xgi e TR0
L2(R™Y), i€ 1,...,n+1, with g € L>®R"1).

This paper is organized as follows: in Section 2, we give the definitions of some basic functional spaces
used throughout this paper. Section 3 is devoted to the proofs of the main results.

2 Definitions

Let O be an open subset of R*™. A generic element z € R™! has the form z = (x,t) with
z = (z1,...,7,) € R". We begin by defining parabolic Hélder spaces C77/2,

Definition 2.1 (Parabolic Holder spaces). For 0 < v < 1, we define the parabolic space of Hélder
continuous functions of order v in the following way:

C11%(0) = {f € CO), || flenr(o) < o}

[\



where

1fllcnarzoy = Iy + (A0 + (1552, (2.1)
with
<f> ’Y) — sup |f(l‘,t) _f($/7t)|
%0 (z,t),(z' t)€O, x#x’ |33 - $l|ﬁ/
" |f(x,t) = f(z,t)]
z,t) — f(x
POD , )|
< >t’o (z,t),(z,t))EO, t£ it —t'[/?

For a detailed study of parabolic Holder spaces, we refer the reader to [15]. We now briefly recall
some basic facts about Littlewood-Paley decomposition which are crucial in obtaining our logarith-
mic inequalities. Given the expansive (n + 1) x (n + 1) matrix A = diag{2,...,2,22} (parabolic
anisotropy), the corresponding Littlewood-Paley decomposition asserts that any tempered distribu-
tion f € S'(R™"!) can be decomposed as

f= ngj x f, where ¢;(z) = |detA[p(A7z), (2.2)

JEZ

with the convergence in S’/P (modulo polynomials). Here ¢ € S(R™1) is a test function such that
supp ¢ is compact and bounded away from the origin, and ZjeZ $(AVz) =1 for all z € R**1\ {0},
where ¢ is the Fourier transform of ¢. The sequence (¢;)jez is mainly used to define parabolic
homogeneous Lizorkin-Triebel, Hardy and Besov spaces (see for instance [17, 18]). We only present
here the spaces that are used throughout the analysis. For 1 < p < oo, we define the parabolic
homogeneous Lizorkin-Triebel space F 02 as the space of functions f € S’ (R™1) with finite quasi-

norms:
1 1o neny = | D Ty = 41202

ljl<o0

(2.3)

Lp (RnJrl )

The space F;?,z can be identified with the parabolic Hardy space H?, 1 < p < oo having the following
square function characterization stated informally as:

HPR™) = {f € S'®R™) () loj = [V € L7}
lj|<o0
This identification (see Bownik [2]) can be stated as follows: for all 1 < p < oo, we have:

E9,(R™Y) ~ HP(R™H). (2.4)

Now, for defining the inhomogeneous parabolic Besov space B, o used later in obtaining our results,
we use a slightly different sequence. Indeed, let 0 € C§° (R™1) be any cut-off function satisfying:

{1 if |z, <1

0(z) = (2.5)

0 if |z, >2,

where | - |, is the parabolic quasi-norm associated to the matrix A (see [9]). Taking the new function
(but keeping the same notation) ¢y defined via the relation

$o =0, (2.6)

we can give the definition of the Besov space Bgopo.



Definition 2.2 (Parabolic inhomogeneous Besov spaces). Take the smoothness parameter 0 < v < 1.
Let (¢j)jez be the sequence such that g is given by (2.6), while p; is given by (2.2) for all j > 1.
We define the parabolic inhomogeneous Besov space B oo as the space of all functions f € S'(R™1)
with finite quasi-norms

£l .. = sup 277 |0 Fll oo mnt1)-
=20

3 Proofs of theorems
The proof of Theorem 1.1 rely on the following two lemmas of different interest:

Lemma 3.1 Let 0 < v < 1 and let N > 0 be a positive integer. Then for any f = Vg €
CYY2 (R N L2(R™HY) with g € L2(R™), there exists a constant C = C(y,n) > 0 such that

[0 22910 02)™| . < Clgliew. (3.1)
j<—N

Proof. We provide a proof of (3.1) in the general case N = 1. We use the fact that 9;g = f; (for
which we keep denoting it by f, i.e. f = f;) for some i = 1,...,n + 1, with g € L>(R"*!). For
z € R"1 define
®(2) = (0ip)(2), (32)
and
D;(z) = |det A ®(A7z) for all j < —1. (3.3)

Using (2.2) we obtain:

B0 (2) 219;(2) if i=1,...,n (3.4
i) (z) = . .
i 22®;(z) if i=n+1.
We now compute (see (3.3) and (3.4)):
|32 2l s2)12|| < C sup 1@ 5 gl (3.5)
j<-1 =1
where the constant C is given by:
d o 2¥0m) it i=1,...n
o2 ) s
> M i=nt,
j<-1
which is finite 0 < C' < 400 under the choice
0<y <1
In order to terminate the proof, it suffices to show that
|5 % gllzee < CllgllLee,
which can be deduced, by translation and dilation invariance, from the following estimate:
(@ g)(0)] < Cligllzee. (3.6)



Indeed, define the positive radial decreasing function h(r) = h(||z||) as follows:

h(r) = sup [&(2)]

I2l=r

From (3.2), we remark that the function ® is the inverse Fourier transform of a compactly supported

function. Hence, we have:
h(0) = [|®| L~ < 400, (3.7)

and the asymptotic behavior

C

7"”+2

h(r) < for all r > 1. (3.8)

We compute (taking S;* as the n-dimensional sphere of radius r):

@Ol < [ pEnlge

[ < /., |(I)(—Z)||9(Z)|da(z)> ar

o ([T rmnriar) lalo (39)

IA

IA

Using (3.7) and (3.8) we deduce that:
00 1 00
/ r*h(r)dr = / r"h(r)dr +/ r"h(r)dr
0 0 1

1 00 pn

< C(I®flz~ +1)

IN

which, together with (3.9), directly implies (3.6). As a conclusion, we obtain (see (3.5)):

|32 2l s 2| < Clglion
J<—-1

and hence inequality (3.1) holds. O

Lemma 3.2 Let N > 0 be a positive integer. Then for any f € BMO(R" 1) there exists a constant
C = C(n) > 0 such that:
| Jes = £1912|| < Cllfllmaso. (3.10)

lil<N

Proof. The proof provides inequality (3.10) for all |j| < co by showing that F! 2072 ~ BMO and then
using (2.3). Before starting the proof, we remind the reader that:

oy = sup int (5 [ 17 =el). (3.11)

QCRn+1 ceR



where Q denotes any arbitrary parabolic cube. Using the result of Bownik [3, Theorem 1.2], we have
the following duality argument (that can be viewed as the parabolic extension of the well-known
isotropic result of Triebel [17], and Frazier and Jawerth [8]):

N
(Fﬁz) ~ [, (3.12)

where (FEQ)’ stands for the dual space of F1072. Applying (2.4) with p = 1 we obtain:
Iy~ H" (3.13)

Using the description of the dual of parabolic Hardy spaces H? for 0 < p < 1 (see Bownik [1, Theorem
8.3]), we get:

(HP) =C}, (3.14)
with the terms p, [, g, s chosen such that:
1
l=-—-1,
p
1§L§oo and p<L, (3.15)
q—1 q—1

seN and s>|l], [I] =max{neZ;n<I}.

The function space Cévs, [1>0,1<qg<ooands €N (called the Campanato space), is the space of
all f e LY (R™1) (defined up to addition by P € Ps; the set of all polynomials in (n + 1) variables

loc
of degree at most s) so that:

) 1 1/q
Il e = st 10f (g7 [ 17 =PI7) < (3.16)

QCRn+1 PGPS

Choosing p=1,1=0, ¢ =1 and s = 0, we can easily see that conditions (3.15) are all satisfied, and
that (see (3.16) and (3.11)):

CYy ~ BMO.
This identification, together with (3.14), finally give:

(HY) ~ BMO. (3.17)
The proof then directly follows from (3.12), (3.13) and (3.17). O

Proof of Theorem 1.1. Let N € N be any arbitrary integer. Using (2.2), we estimate ||f||r in
the following way:

1l < Hj;NWT”’W*f’Hm*H 2 reoj*frHLw+Hg}jvz—WzWrwfer

[7I<N
Ay Ao
.A 1/2 a 1/2
< || 2 le ) | N+ (S te e s) L
j<—N 7SN
A3
027N (sup 27y = fllz). (3.18)



where

1 \Y? , 2
C’Y = <m> and C,\/ = 1— 2__\/.

Using (3.1), we assert that:
Ay < Cllgl Lo, (3.19)

while (3.10) gives:
Az < ClfllBMo- (3.20)

In order to estimate As, we proceed in the following way:

A3 < S_1>11i>2”\lsoj % fllzee < s1>11132”j||90j % fllzee + llpo * fllzee, o is given by (2.6),
J= J=Z

hence (see Definition 2.2)
As < || fllBy, .-

Using the well known result (see for instance [7])
Bl . = C*m/27

we finally obtain
Az < HfHC%“//Z- (3.21)

Inequalities (3.18), (3.19), (3.20) and (3.21) imply:
1£llzee < C (@N + 1) fllro + 27N (1 ez + llgllzee) ) - (3.22)
We optimize (3.22) in N by setting:

N=1 if |[fllevz + llgllee < 27| fllBMoO-

Then it is easy to check (using (3.22)) that

1/2
1£llo < CllfllBaro <1+<1og+ Illgrasz + gz ) ) (3.23)

I fllBro

In the case where || f||qyv/2 + ||gllLe > 27| fll BMmo, We take 1 < 3 < 27 such that

I fllcvmre + H9”L°°> 1.
I fllBamo

N = N(B) = logf, (ﬂ 5

In fact this is valid since the function N (/) varies continuously from N (1) to N(27) =1+ N(1) on
the interval [1,27]. Using (3.22) with the above choice of N, we obtain:

1/2 /2
/2 + llgll e 2
o [ <1og2+7 <ﬁ||f||m2 Iz )) ||f||BMO+_HfHBMO]

[1flloo

IN

I fllBmo 5

Loz llgllze Y\ 2 27/2
< C o +<||f||c /2 n 7
— [(710g2)1/2 < g HfHBMO ”f”BMO ﬁ HfHBMO




where for the second line we have used the fact that

+ ”f”(]'mﬂ + ”gHL‘X’
| fllBao

log™ 3 < log
The above computations again imply (3.23). By using the inequality:
Y\ 1/2 C(1+ z(log(e +y))/?)  for 0<z <1,
(log (e + —)) <
Cz(log(e +y))'/? for = >1,

n (3.23), we directly arrive to our result. O
We now present the proof of Theorem 1.2 that involve finer estimates on the Holder norm.

Proof of Theorem 1.2. For the sake of simplifying the ideas of the proof, we only consider 1-
spatial dimensions z = z;. The general n-dimensional case can be easily deduced. Following the
same notations of [9], we let Qp = (—1,2) x (=T,2T), Z1 C Z5 C Qp such that

Z1 ={(z,t); —1/4 <z <5/4 and —T/4 <t <5T/4}
and

Zy ={(x,t); —=3/4 <z <7/4 and —3T/4 <t <TT/4}.
We also take the cut-off function ¥ € C§°(R?), 0 < ¥ < 1 satisfying:

U t) = 1 for (z,t)e 2 (3.24)
7 0 for (z,t) €R?\ Z,. '

The main idea of the proof consists in extending the function f to a suitable function of the form ¥ f
where f is defined on Qr. We then apply inequality (1.4) (the scalar-valued version with n = 1) to ¥ f
and we estimate the different norms in order to get the result. However, away from the complicated
extension (Sobolev extension) of the function f that was done in [9], we here consider a simpler
symmetric extension. Indeed, we first take the spatial symmetry of the function f:

- —x,t for -1l<z<0, 0<tT
e R (3.25)
f(2—=uz,t) for l<x<?2, 0<t<T,
and then the symmetry with respect to t:
. x,—t for —l<zx<2, -T<t<L0
flz,t) = / ) (3.26)
f(z,2T —t) for —1l<ax<?2, T<t<2T.
We claim that ¥ f € C77/2(R?) with
”\I/JEHC%“/N(R% < HfHC“m/2(QT)~ (3-27)
In this case, we apply the scalar- Valued version of inequality (1.4) (see Remark 1.3) to the function
U f with i = 1 and g(z,t) fo y,t)dy. This, together with the fact that ¥ =1 on Qrp, lead

to the following estlmate
_ _ N _ 1/2
£ ey < 19 ey < € (1 + 19 oy (108 (19l omorngeny + o) ) - 329

8



It is worth noticing that choosmg 1=1 above is somehow restrictive. In fact, we could also have used
the inequality with ¢ = 2 and g(x, t) fo f(x,s)ds.

In [11] it was shown that H\I/fHBMO (R?) § C(”f”BMO(QT) + lfllzrp)), while it is clear that
91l Lo (m2) < CHJE”Loo(ﬁT) < Clfllevr/z(p)- These arguments, along with (3.27) and (3.28), directly
terminate the proof. The only point left is to show the claim (3.27). Recall the norm

s s 2
19 F o2 g2y = 1 Fl oo ey + (U F) e + (W)L

It is evident that .
1 fll o2y < Cllf I (0

hence we only need to estimate the two terms (U f >x gz and (¥ f t}g We only deal with (U f >x r2
since the second term can be treated similarly. We examine the different positions of (z,t), (2/,t) € RZ.

If (z,t), (2/,t) € R?\ 2o, z # 2/, then (since ¥ = 0 over R? \ Z5):

(T f) (@, t) — (P, 1)]

v — ']y

=0. (3.29)

If both (x,t),(2/,t) € Qp, = # ', then the special extension (3.25) and (3.26) of the function f
guarantees the existence of

(jvf)v (jl,f) € Qrp
such that: . .
f(:L'vt) :f(jvf)a f(ﬂj‘,,t) :f(j/7t_)' (330)
Two cases can be considered. Either T = ' (see Figure 1), then we forcedly have

f(l‘,t) - f(l'/,t),

and therefore

Figure 1: Case (z,t), (2/,t) € Qp with 7 = 7.

(W), ) = (W), 0)]

o= aP

IN

)L 1 e @iy
< COllflle@r) < Cllfllerargry (3.31)



L > ----9 [ N L e -

| | ! |
T S T S

L - - - L R -

I I I I
Qr ! : Qp 1
0 z z z’ x 0 z z/ x
Qr Qr

Figure 2: Case (z,t), (¢/,t) € Qp with & # . On the right: 2’ = Z/. On the left: 2/ # 7.
or T # &', then we forcedly have (see Figure 2)
lo — 2|7 > |z —7'|". (3.32)

In this case, we compute:

(Tf)(z,t) — (¥f)(a', )] If@%ﬂHW@%ﬂ—-W@ﬂﬂl+|W@Cﬂwﬂwi)—f@ﬂﬂl

v — '] - v — '] v — ']
r _ () ’f(l’,t) _f(x/7t)’
< Wl 01, + D= (3.33)

Using (3.30) and (3.32), we deduce that:

fwt) = fa 0] _ 1f@0 = 1@ 0] @D = 1@D] o

| — 2/ N |l — /|7 = |z — z'|7 z,8r?

therefore, by (3.33), we obtain:

(T f) (@, t) — (P, 1)]

|z — ']y

<@y (BT, + N, < Cllfleroa.  (3:34)

The remaining case is when (z,t) € Z and (2/,t) € R?\ Qr (see Figure 3). In this case, we have
(Uf)(a',t) =0 and

1 v
|z —2'|" > <Z> , (3.35)
hence

(T f) (@, t) — (P, 1)

|z — ']y

From (3.29), (3.31), (3.34) and (3.36), we finally deduce that

<A fll=(z2) < Clifllenar - (3.36)

(@ < Cllflorarz .

Arguing in exactly the same way as above, we also find that:
A (v/2
(WHTD < Cllfloraren):

10



o T1/a
[ o --- )
T } m
0 = ‘:1:’ T
_ | 22
Qr

Figure 3: case (2,t) € Z, and (2/,1) € R\ Q.

with a possibly different constant C' that depend on 7. Indeed, the term T enters in estimating
(Uf >(7/ ?) since (3.35) is now replaced (see again Figure 3) by

t,R?2
T Y
t—t>(=) .
| r_(4)

This shows the claim. O

Remark 3.3 In the case of multi-spatial coordinates z;, 1 = 1,...,n, we simultaneously apply the
extension (3.25) to each spatial coordinate while fixing all other coordinates including t. Finally,
fizing the spatial variables, we make the extension with respect to t as in (3.26).
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