Global Weak Solutions of the
Navier-Stokes System with
Nonzero Boundary Conditions

R. Farwig® H. Kozono! and H. Sohr?

Consider the Navier-Stokes equations in a smooth bounded domain  C R? and
a time interval [0,7), 0 < T < oo. It is well-known that there exists at least
one global weak solution v with vanishing boundary values u} o= 0 for any given
initial value uy € LZ(Q), external force f = divF, F € L?(0,T;L*(Q)), and
satisfying the strong energy inequality. In this paper we extend this existence
result to the case of inhomogeneous boundary values u‘m: g # 0. Given f as
above and ug € L*() satisfying the necessary compatibility conditions div uy = 0
and N -ug ‘ oq= Vg, where N denotes the exterior normal vector on 0€2, we prove
as a main result the existence of a weak solution u satisfying u| aq— g, the strong
energy inequality and an energy estimate.
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1 Introduction and main results

Throughout this paper Q C R? denotes a bounded domain with boundary 99 of
class Ct! and [0,7), 0 < T < oo, is a given time interval. We are interested in
the Navier-Stokes system

u—Au+u-Vu+Vp=f divu=0
(1.1)
u’m =g, u(0)=1um
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in [0,7) x Q where the initial value ug, the boundary values g and the external
force f satisfy the properties

up € L*(Q), geWzXdQ), f=divF, FelL*0,T;L*Q) (1.2)
and the compatibility conditions
divug =01in Q, N -ug|,=N-g. (1.3)

Here N = N(z) denotes the exterior normal vector at x € 0€, so that (1.3) yields
the flux condition faQ N -gdo = 0.

Before discussing (1.1) with g # 0 let us recall some classical results in the
case g = 0.

Definition 1.1 Let ug € L2(Q) and f = divF, F € L*(0,T;L*()). Then a
vector field
we L®(0,T5L*(Q2)) N L*(0, T; Wy () (1.4)
is called a weak (Leray-Hopf) solution of (1.1) in [0,7T) x Q with data ug, g = 0,
Fif
—(u,w)or + (Vu, Vw)or — (uu, Vw)gr = (ug, w(0))q — (F, Vw)or

is satisfied for each test function w € C5°([0,7); C5%(R)), and u satisfies the
enerqy inequality

1 ¢ 1 ¢
IO+ [ IVular < Sl = [ (7. Vuqdr (15

for0<t<T.

In this definition (-,-)o denotes the pairing of vector fields in €2, and (-, -)or
means the corresponding pairing in [0,7") x Q. Given a vector field u on €, let
u-Vu = (u-V)u = uyDyu + usDou + ugDsu where D; = 0/0x;, j = 1,2,3.
For a matrix field F = (Fj;)?._; let f = divF = (D1Fyj + DoFyj + D3F3j)§’:1

ij=1
so that when divu = 0 and vu = (u;u;)? we have u - Vu = div (uu). With
o 7on 2

ij=1
Coo () = {v € C§°(Q) : dive = 0} we define L2(Q) = C5% () where |||,
denotes the norm of the Lebesgue space L(2), 1 < g < oo. For vector fields u,

it will be convenient to define the L?-norm by the L?-norm of the scalar function
|u|, where | - | denotes the Euclidean norm in R3. Further, W*4(Q), k € N,

1 < g < oo, and WP(Q) = C’go(Q)”‘HWk’q(m denote the usual Sobolev spaces.
Finally we need the Bochner spaces L* (O, T, Lq(Q)), 1 < s,q < oo, with norm

T s 1/s
vaaney = o = ([ 1ar) "
0
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and correspondingly the spaces L*(0,T;L*(2)), Lgs.([0,7);L*(€2)), and

L2(O,T; WOM(Q)) The trace space of functions in Wh4(Q), 1 < ¢ < oo, is
denoted by Wl_%’q(ﬁQ), its dual space by W_%’q/(aQ), ¢ = ;4. The surface
measure on 0f) is called do.

As is well-known there always exists at least one weak solution u in the sense
of Definition 1.1 of the Navier-Stokes system (1.1) with g = 0. We may assume
without loss of generality (after modifying u on a null set in (0,7")) that u :
[0,T) — LZ(2) is weakly continuous. Thus u| o= uo is well-defined. Further,
there exists a distribution p in (0,7") x §2 such that

w—Au+u-Vu+Vp=f in(0,7) x Q

in the sense of distributions. Finally, from (1.5) and the Cauchy-Schwarz inequal-
ity we obtain the energy estimate

t t
lu(®)3 + / IVul2dr < [luol + / IFl2dr0<t<T.  (L6)

The extension from homogeneous boundary values g = 0 to the case g # 0 in
(1.1) requires some obvious modifications caused by the compatibility conditions
(1.3). Further, the form of the energy inequalities (1.5), (1.6) will be different,
see (1.13), (1.15) below, but as before, they are formally obtained by testing the
Navier-Stokes system with the weak solution u itself.

For this purpose we have to find a suitable extension £ € W12(Q) of the
given boundary data

geW2?(0Q) with [ N-gdo=0, (1.7)

e.g., as the uniquely determined weak solution of the stationary Stokes system
—AE+Vp=fy=divF,, divE =0, E‘m: g (1.8)

with data g, fo = div Fy where Fy € L*(2), and pressure p € L*(Q) satisfying
the estimate
1E|lwi2) < c(IFoll2 + lgllwirzzon)) (1.9)

with a constant ¢ = ¢(2) > 0. In particular, if Fy = 0, then the map g — F
is a well-defined linear bounded extension operator from W22(9Q) to W12(Q).
However, we will see that it is reasonable to consider also the inhomogeneous
Stokes system (1.8) with fy # 0.

Now, setting v = u — F and h = p — p we can write (1.1) in the form

nw—Av+ v+ E)-Vw+E)+Vh=f—Ff, divi=0

_0 2(0) = v (1.10)

U}aQ
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where vy = ug — E. Since
(v+E)-Vw+FE)=v-Vvo+ (v-VE+E-Vu)+ E-VE,

the system (1.10) may be considered as a perturbation of the usual Navier-Stokes
system with zero boundary conditions, using the perturbation terms £ - VFE and
v-VE + E - Vv. Moreover, formally testing (1.10) with a weak solution v itself
and noting the identity ((v+E)-Vv,v)q = 5 [,(v+ E)- V|v|* dz = 0, we get the
energy inequality (1.13) below. Since v : (0, 7] — L2() is weakly continuous (as
in the case above), we conclude that v| 1—o= Vo is well-defined, vy € L2(?) and
divug =0, N - ug|,,= N - g as in (1.3).
These considerations lead to the following definition:

Definition 1.2 (Navier-Stokes system with u}m: g) Let ug € L*(Q), g €
W%’Q({?Q) satisfy the compatibility conditions divug =0 in Q, N - u0|89: N g,
of (1.3), let f =divF, F € L*(0,T;L*(2)), be given, and let E € W"2(Q)
be the weak solution of the Stokes system (1.8) with data g, fo = div Fy where
Fy € L*(Q), satisfying the a priori estimate (1.9). Then a vector field

u e Ly ([0,7); L*(2) N Ly ([0, T); WH2(€2)) (1.11)

loc loc

is called a weak (Leray-Hopf) solution of the system (1.1) in [0,T) x Q with data
ug, g and f if the relation

—(u,w)aor + (Vu, Vw)or — (uu, Vw)gr = (ug, w(0))q — (F, Vw)or (1.12)

is satisfied for all w € C§°([0,T); C5%.(2)), and if the energy inequality

1 ¢ 1 t
SlO=Eli+ [ 19=B)dr < Slao—Ei= [ (F~Fi=uB.V(u=E))air

(1.13)
holds for all 0 <t <T.

Now our main result reads as follows:

Theorem 1.3 Let ug € L*(Q) and g € W%’z(aﬁ) satisfy the compatibility con-
ditions (1.3), let f = divF with F € LZ((),T; LQ(Q)) and fo = div Fy where
Fy € L*(Q) be given, and let E € W12(Q) satisfy (1.8), (1.9). Then there exists
at least one weak solution u of the Navier-Stokes system (1.1) with data ug, g, f
in [0,T) x Q in the sense of Definition 1.2. This solution u satisfies the strong
energy inequality

1 t
nyllut) = BB+ [ V(= B dr
Y’

(1.14)
lu(s) — B2 _/ (F — Fy— uB,V(u— E))odr
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for almost all s € (0,T) and all t € (s,T'), and the energy estimate
sllv = Bl s + IV (w = E)3 5,10

| (1.15)
< 2e°T12W (|lug — B3 + 2| F — Fo|3 o0 + 4771 1)

for all finite 0 < T'" < T, where o > 0 is an absolute constant.

Theorem 1.3 considers the worst and most general case in which the energies
slu — E|3 o7 and [|[V(u — E)||3 5., may grow exponentially in time with an
exponent proportional to [|E||§, i.e., when a > 0. Here, we may simply take F
as the solution of the Stokes system (1.8) with data g and fo = 0. However, a
modification of its proof will show that under certain assumptions on the bound-
ary data and a careful choice of E, better to say, of Fy in (1.8), the exponent «
in (1.15) may vanish. Since generally the vector field £ will not be the limit of
the weak solution u(t) as t — oo, the energy term ||V (u — E)||3 5.0v necessarily
implies a linear growth in time in the energy estimate.

Corollary 1.4 Let Q C R? be a bounded and possibly multiply connected domain
with boundary components Ty, ..., Ty, of class CY. Further let ug € L*(9),

f=divF, Fe L*(0,T;L*Q)) and g € W22(09) satisfy
div ug = 0, u0|aQ: g

and the fluxz condition
/N~gda:0 forj=0,...,m. (1.16)
¥

Then there exists a vector field E € W2(Q) and a weak (Leray-Hopf) solution
u of the Navier-Stokes system (1.1) satisfying (1.11) — (1.12) and the energy
estimate

lu = Bl s + IV (w = Bl 20 (1.17)
< Juo — E||2 + 8||F||22T’ + CT/(||9||W1/2 2000) T ||9||w1/22 ag))
for all finite 0 < T" < T where ¢ = ¢(2) > 0.

Before proving Theorem 1.3 and Corollary 1.4 in Section 2 we summarize some
well-known results and introduce further notations.

For a bounded smooth domain Q C R? as in Section 1 let P : L?(Q2) — LZ(2)
denote the Helmholtz projection, and let A : D(A) — L2(2), A = —PA, denote
the Stokes operator with domain D(A) = W22(Q) N W, *(Q) N L2(Q) and range
R(A) = L2(Q)). Then A®: D(A%) — L2(Q)), —1 < a < 1, denote the fractional
powers of A; it holds

D(A) C D(A%) C I2(Q), R(A%) =L2(Q) for0<a <1,
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and (A%)™! = A= for —1 < a < 1. In particular, the square root A2 of A
satisfies

(A% v, A2 w) = (Vo,Vw) for v,w € D(A?) = Wi 2(Q) == Wy (Q) N L2(Q).

Moreover, A% is a selfadjoint operator in L2(Q) for every a € [—1,1].
Let v € D(A%), 0 < a < %, and let 2 < ¢ < oo satisfy 204—1—%: % Then we
obtain the embedding estimate

[vllg < el A%l (1.18)
with ¢ = ¢(a) > 0. Moreover, if v € D(A) and 0 < a < 1, then
[A%v]l2 < [|Av]|3 [v]l;~ (1.19)
and, if v € D(A2), 0 < o < 1, then
2 Lo -«
[AZv]l> < [lA20]5 [Jv]l2~, (1.20)

where ||[Azv||y = [|[Vv|l2. As consequence of (1.18) and (1.20) we see that for
2<¢<ooand f=3— % there exists a constant ¢ = ¢((3) > 0 such that

lolly < ellWolly [loll,™” for v € Wo 7 (€2). (1.21)

Let F = (Fj;)?._, € L*(R2) be given. Then the term Az Pdiv F is well-

i’j:

defined (in a generalized sense) in L2(€2) by the relation
(A2 Pdiv F,v)q = (F,VA 20), ve€ L2(Q),
and it holds .
|A~F Pdiv Fll, < |IFs: (1.22)

indeed, w := A~2(A~2 Pdiv F) is the weak solution of the Stokes system —Aw -+
Vh = divF in WOIUZ(Q) with pressure h. For the latter results we refer to [9,
Chapter III].

The Yosida approximation, based on the operator A%, is defined by the se-

quence of operators

1 o
Jk:(1+%A§) ' keN,

where I denotes the identity. As is well-known,
[ Tkvll2 < [oll2, H%Aé Jwvllz < [lvll - for k € N, v € L7(Q), (1.23)
and Jyv — v in L*(Q) as k — oo for every v € L2(Q). Moreover, for k € N,
IV Jivls = |42 Jiollz = [|JeAZo]l2 < [ AZv]lo = [ Vo], v € D(AZ).  (1.24)

6



The operator —A generates a bounded analytic semigroup e~ : L2(Q) —
L2(), 0 <t < oo, such that for 0 < a <1

A% y]ly < t=0fv]|, for t >0, v € L2(), (1.25)

see [9, Chapter IV.1]

Finally we need some properties of the linear instationary Stokes system

ve—Av+Vh=Ff dive=0 in Qx(0,7)

=0, ov0)=v att=0 (1.26)

V0
with data vy € L2(Q), f = div F, where F € L2(0,T; L*(Q)). There exists a
unique weak solution v € L®(0,T;L2(Q)) N L*(0,T; W, *(Q)) defined by the
relation A
—(v,wi)ar + (Vv, Vw)aor = (vo, w(0)) — (F, Vw)ar,

w e C([0,7); C§2,(£2)), which has the well-defined integral representation
A t 1 A 1 ~
v(t) = e g —|—/ Aze AT A7 PdivFdr, 0<t<T. (1.27)
0
Moreover, the solution v satisfies the energy inequality
1 ¢ 1 b
S OB+ [ IVelEar < S it~ [(F.Voadr, 0<t<T, (129
0 0

and consequently the energy estimate
011200 + IVVI320 < llvollz + I1F 11320 - (1.29)

Further, v : [0,7) — L2(Q) is strongly continuous, see [9, Chapter IV].

2 Proofs

There are several proofs of Theorem 1.3 when u‘m: g =0, see e.g. [6] - [9], [11].
Usually, in a first step, a sequence of approximate equations yields approximate
solutions uy, £ € N. In a second step energy estimates for u; with a bound
independent of k € N are derived. Hence a subsequence of (uy) will converge in a
weak sense to an element v which is shown to be a solution of the original prob-
lem. One possibility is to use the Yosida approximation yielding the approximate
system

u — Au+ (Jyu) - Vu+Vp=f, divu=0

u|m: 0, u(0) = up.



In the following we will use a modification of this procedure and consider the
mollified perturbed system
vw—Av+ (Jro+ E)-Vo+ E)+Vp=f, divo=0
v‘aﬂ: 0, v(0) = vy (2.1)
where ug, E are given as in Definition 1.2, and
Vo =— Uy — FE e Lg(Q), f = div (F — Fo),
F e L*(0,T;L*(Y)), Fy € L*(Q).
We may assume in the following that E # 0. Then we are looking for a weak
solution

(2.2)

v =1y, € L2 ([0,7); L2(Q)) N LL.([0,T); Wy *(2)) (2.3)

loc loc

of (2.1) with data (2.2) in the sense that
— (v,wpyar + (Vu,Vuw)or — (v + E) - (v+ E), Vw)qr
= <U0, w(0)>g — <F — Fo, Vw>97T (24)
for all w € C§°([0,T; Cg2,(€2)), and satisfying the energy inequality

1 ! 1 ¢
SO+ [ 1903dr < Sl = [ (= Fo= o+ B)E. Voladr, 25

0<t<T.

Lemma 2.1 For every k € N there exists some 0 < Ty, = T(k,||vo||2, ||F —
Folla2.r, || Ells) < min(1,T) such that the perturbed mollified Navier-Stokes system
(2.1) has a unique weak solution

v =y € Xg, 1= L>(0,Ty; L2(Q)) N L* (0, Tii; Wy () (2.6)
in the sense (2.4), (2.5).

Proof First assume that v = v, € X}, := Xq, is a weak solution of (2.1) satisfying
(2.3), (2.4), (2.5). To estimate its norm in the space Xy, i.e., the norm

1ol = 0llz00im + [V Oll2,2

we have to analyze the nonlinear term (Jyv + E)(v + E). By Holder’s inequality
and the properties (1.18), (1.20), (1.23) with 0 =8, s = 5, § = 2 we get when
0 < Ty <1, that

|(Jkv + E)(v+ E)ll221, < [|[Jkv + Ellsom v + Ellasm,
< (1A% Jovllaom, + 1 Ellsoi,) 1A 2,57, + | Ela,s.)

1 3 1
< c((||A2ka||§ | Jkvll3 o, + ||E||470§Tk)

. 3. 1
< ((IAzvl3 1003 sir + I Ellasim,)

IN

3 1 1
c(kil[vllzsm, + T 1 Ell) (vl + T 1 E]),
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where ¢ > 0 is an absolute constant. Hence we obtain the estimate

| + E) (o + B)llazin, < ek TF (ollx, + 1Ell)°. (2.7)
Defining the nonlinear operators
Fr(v)=F—Fy— (Jyw+ E)Y(v+ E), fr(v)=div Fx(v), (2.8)
we can write (2.1) in the form

, dive =0,
(2.9)
, v(0) = .

vy — Av + Vp = fi(v)

U{Z)Q: 0

By the above estimate (2.7), Fy(v) € L*(0, Tj; L*(Q)) so that v may be considered
as the weak solution of the Stokes system (2.9). Hence (1.26), (1.27) yield the
representation and fixed point problem

v=Fr(v) in Xy (2.10)

where .
Fu(w)(t) = e oy + / Aze~ =" A2 Pdiv Fy,(v)(7) dr, (2.11)
0
0 <t < Ty. Moreover, by the energy estimate (1.29)

3 1 2
1Fe()ll 5, < ¢ (Jlvollz + I|1F = Follazin,) + ckiTE (vl x, + 1E]l4)

or, for short,
2
[Fe (@)l x, +d < a(lvllx, +d)” +b (2.12)

where
1
a=ckiTs, b=c(|volls+ |F = Follasr) +d,  d=|E|,

with an absolute constant ¢ > 0.

Up to now v was a given solution of (2.1) in the sense of (2.4), (2.5). In the
next step we solve the fixed point problem (2.10) in X} by Banach’s fixed point
theorem provided that T) > 0 is sufficiently small. For any 0 < T} < min(1,7)
and v € Xy, we know that Fy(v) € L2(0,Ty; L*(2)), that Fi(v) is well-defined
and satisfies the estimate (2.12). For fixed k € N choose T}, = T'(k, ||vol|2, | F —
Foll22:, | E]|4) in (0, min(1, 7)) such that

dab < 1.

Then the quadratic equation y = ay? + b has a minimal positive root y;, namely
Y = 2b(1 +Vv1-— 4ab)_1, satisfying d < b < y; < 2b. Hence the closed ball
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By =B ={v e Xy :||v]x, <y —d}is not empty, and from (2.12) we conclude
that Fj;, maps B into B. Moreover, if v,v" € B, then

(Fu(v) = Fu(¥) () = —/0 Aze~ (=14 A3 Pdiv ((Jpv + E)(v =)

+ (Je(v =))W + E)) dr,
and the same arguments as used for (2.12) lead to the estimate

[ Fe(v) = Fe(W)llx, < a(llvllx, + 1V]lx, + 2d)[Jv — '] x,
< 2ay; ||[v —'||x, < 4dabljv—1x,. (2.13)

Hence F is a strict contraction on B. Now Banach’s fixed point theorem yields
the existence of a unique v = v € B satisfying v = Fy(v), i.e.,

t
v(t) = e My +/ Aze~ (=74 45 Pdiy Fr(v)(t)dr, 0<t<T.
0

Obviously, v is the unique weak solution of the Stokes system (2.9) with data
fx(v),vo; in particular, v : [0, T) — L2(Q) is strongly continuous, and the energy
equality

1 ¢ 1 !
SO+ [ 1Velidr = Slwlt - [ (A, Vodr (214

holds for every 0 <t < Tj.

Let us consider the term (Fi(v), Vv)q in (2.14) with Fj(v) as in (2.8) more
closely. Since by (2.7) (Jyv + E)(v + E)(7) € L*(Q) and Vu(r) € L*(Q) for
almost all 7 € [0, Ty), we get for these T

(v + B)o + B), Voo = ((Jiv + E)E, Vo)a + ¢ /Q(ka + BYV(ul?) da
= ((Jk?) + E)E, VU>Q

This identity and (2.14) yield the energy identity
1 ! 1 !
Sl + [ 19elgdr = Sl — [ (F = Fy - (oo + B)E.Vojadr, (2.15)
0 0

i.e., (2.5) with ”=" instead of ”<” for ¢t € [0,T"). Moreover, v satisfies (2.4) in
2 x (0,T}). Thus v is a weak solution of (2.1) with data (2.2) in (0,7}) x €.

To prove the uniqueness of this solution v not only in the ball B = B, C Xy,
but in the whole of Xy, let w € X}, be another weak solution of (2.1), (2.2) in
Q2 x (0,7;). Then w = Fy(w) with Fj, as in (2.11), and the estimate (2.13) with
| - [[x,, replacing || - ||x, for any 0 <T" < T}, implies that

lv=wllx,, = 17:(v) = Fr(w)x, < (vllx,, +llwlx,, +2d)v—wlx,, (2.16)
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where o’ = cki(T")s and d = || E||4. Now we choose
T =1T'(k, [vllx,, lwlx,. [ E]ls) € (0,T:)

in such a way that a'(||v]|x, + [|w| x, +2d) < 4. Then we obtain from (2.15) that
v =w in [0,7"). Repeating this procedure finitely many times with the same 7"
we finally get that v = w in [0, T;). This completes the proof of Lemma 2.1. m

For the final passage to the limit £ — oo in the proof of Theorem 1.3 we need an
energy estimate which holds uniformly in £ € N.

Lemma 2.2 For k € N let v = v, be a weak solution of the perturbed mollified
Navier-Stokes system (2.1) with data (2.2) in [0,T) xQ, 0 < T < co. Then there
exists an absolute constant o > 0 not depending on k € N such that the energy
estimate

1 J—
e + IVl 0 < 26 (Jluo]l3 + 21 F = Foll3 o0 + ATIENT)  (217)

holds.

Proof By a slight modification of the proof of (2.7) where 0 < T}, < 1 was assumed
we get that (Jyv + E)(v+ E) € L*(0,7; L*(Q2)) and consequently that

Fi(v) € L*(0,T; LA(9)),

see (2.8). Moreover, v is the weak solution of the Stokes system (2.9) so that
v:[0,T) — L2(Q) is strongly continuous.
We will use the following notation for 0 <ty < t; < T

t1 1
Jollcson = e ot [9olezae = ([ IVel3ar)”

to<t<t: to

and correspondingly || F|2,2:4,.4 €tc.
From the energy inequality (2.5) we obtain the estimate

1 1 T
§HvH§,m;o,T+HVvH%,Q;o,T < §Hvo|!§+/0 (I1F = Folla + [|(Jxv + E)E|2) [ Vo]l d.

(2.18)
Next, by Young’s inequality

T
1
/0 IF = Bolla [[Vollzdr < Z1IVollzz00 + 1 = Follazo

and by Hélder’s inequality and (1.21)
T T
/0 [(Jrv + E)E||2 [|Vo]l2dT < /0 (I Tevlla | Ells + [ E13) IV o]l dr
T 5 . T
< C/O IV(Jevlls [[Jkollz [1E]la [Voll2 dT+/O IE[31Vv]]2 dr.
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Hence, by (1.23), (1.24) and Young’s inequality,

T
/ |(xo + B)Ells [Volla dr
0

T - 1 T
4 1 2
<e [ Uvelf jolf 121 ar + [ 121 V0l dr
T

1 T
< 3IVulBaor+ ¢ [ IIBIEIdr +2 [ Bl dr
0 0

1
< IVl a0 + T(cvll2ocor | EI13 + 2] £]13)

with an absolute constant ¢’ > 0. Summarizing the previous estimates we deduce
from (2.18) the inequality

(=2 TN B 0B w190 B 20 < NeolB+20IF~Folz02+AT B (2.19)

The estimate ( 9) holds for T replaced by any 0 < 7" < T. Now choose
T" = min (T, B IS) so that 1 —2¢T'||E||} > 5. If T" = T, Lemma 2.2 is proved
(use (2.19) to get (2.17) with a = 0). Otherwise, (2.19) yields the estimate

%llvﬂg,m;om IVl < llvollz + Rllo (2.20)
where
h(r) = 2[|(F — Fo)(7)|3 + 4] E|[3,
By, = /t2 hdr for any 0 <t; <ty <T.

t1

Then choose m € N such that mT" < T < (m + 1)T" and use (2.20) on the
consecutive intervals (0,77), (1",21"), ..., ((m — 1)T",mI") and (m1",T) to-
gether with the initial values v(0), v(T"),...,v((m—1)T") and v(mT"). Since e.g.
|\ Rlloz + ||R|l77 277 = || R]lo2r etc., we easily get that

1 i .
§|’U||§,oo;(jfl)T/,jT’ + vaugz;(jfl)T’,jT’ <2 1(”“(0)”3 + ||hH0,jT’)> j=1...,m
Then a final estimate on (m7”,T) and the previous estimates for j = 1,...,m
imply that

1 m
oIz oz + [VOlE20 < 27 (J0(O)Z + 12lo.r).

Since m < TT,/, we see that 2™ = ™82 < ¢oTIEIT with o = 4¢' log 2. Now Lemma

2.2 is proved. [ ]
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Lemma 2.3 For every k € N the perturbed mollified Navier-Stokes equation
system (2.1) with data (2.2) has a unique global weak solution vy in [0,T) x €2,
0 < T < o0, satisfying (2.3), (2.4), the energy inequality (2.5) and the energy
estimate (2.17) with T replaced by each finite 0 <T" < T.

Proof By Lemmata 2.1 and 2.2 there exists a weak solution v in some interval
[0,T) with 0 < T}, <T. Let [0,T%), T), <T* < T, be the largest interval within
[0, T") such that a weak solution with the above properties exists. If 7% = T, then
the proof is complete; the energy estimate (1.15) follows from (2.17).

Thus suppose that 0 < T* < T. Then T* < oo and we apply Lemma 2.2
and the energy estimate (2.17) with T replaced by T*. Since vy is strongly
L2(Q)-continuous in [0,7*), we can choose some Ty € (0,7%) close to T*
such that Lemma 2.1 yields the existence of a unique weak solution of (2.1)
with initial value vx(Tp) € L2(2) in some interval [Tp,Ty) with Ty > T*.
Indeed, the length of the interval of existence, T} — Ty, is determined by
T(k, lve(To)ll2, | Fll22.7, [ Follz, [|El4), see Lemma 2.1, where by (2.17)

lon(To) 13 < e IR (Jlog||3 + 21| F = Foll3 p0.7- + 4TI EII3).

Thus there exists a § > 0 independent of Tj chosen sufficiently close to T* such
that the existence of the weak solution starting at T is guaranteed on [Tp, Ty +0)
with Ty =Ty + 6 > T*.

This procedure allows to extend the given weak solution from [0,7™) to
[0,77) D [0,7%] in contradiction to choice of T*. The uniqueness of the extended
solution vy follows in the same way as in the proof of Lemma 2.1. [ ]

Now we are in a position to pass to the limit k& — oo for the functions v, and to
prove Theorem 1.3.

Proof of Theorem 1.3. First consider the case 0 < T" < 0o, so that the sequence
of weak solutions, (vy), constructed in Lemma 2.3, satisfies the energy estimate

1
SIorllz oo + IV Olsor < e (leollz + 1F = Follsa0z + 1 E]2) (2.21)
with a constant ¢ = ¢(T, || F||4) > 0, see (2.17). Then there exists
v e L(0,T; LA() N L*(0,T; Wy () (2.22)

and a subsequence of (v), which for simplicity is again denoted by (v), with the
following properties:

Vg converges weakly to v in L*(0, T WOIQ(Q))
Uk converges strongly to v in L2(0,T; L*()) (2.23)
vr(t)  converges strongly to v(t) in L2(Q) for a.a. t € [0,7T)
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as k — oo. For the proof of (2.23) we refer to [9, V. 3.2, 3.3].
To prove that v is a weak solution of the perturbed Navier-Stokes system, we
still have to show that v solves the variational problem

—(v,w)ar + (Vu,Vw)ar + (v+ E)(v+ E), Vw)ar (2.24)
= <UO — E,”LU(O))Q — <F — Fo, VUJ)Q’T

for any test function w € C§°([0,7); Cg2,(€2)). Due to (2.23), (1.23)

<Uk,wt>Q,T - (U,wt>Q,T,
(Vug, Vw)ar — (Vv,Vw)ar,
(Jrvg + E) (v, + E), Vw)or — (v + E)(v+ E), Vw)ar,
(Jowe + B)E, Vop)ar — (v + E)E,VoYor, 0<t<T,

\Y
\Y

as k — oo; for the fourth property we also need (1.21) and Lebesgue’s theorem
on dominated convergence to get that fOT | Jevp — v||3dT — 0. Hence v =u — E
satisfies (2.24) and v(0) = vy.

Further we obtain that

HVUHQQ;T S hIIl 1nf ||VU]€||2’2;T .
k—o0

Now the energy identity (2.15) for vy yields with the help of (2.23), for almost
all s € (0,7T) including s = 0 the strong energy inequality

1 t 1 t
SN+ [ I9elBdr < Sl = [ (F = Fo = (04 B)E, Voadr.

First, this inequality is proved only for a.a. t € (0,7T), cf. (2.23)3; however, since
v is weakly L?-continuous, the estimate holds for all ¢ € (0,T). Since v =u — F
satisfies (2.22) and E € WH2(Q), we also get that u satisfies (1.4). This proves
Theorem 1.3 when 0 < T < o0.

Now let T = oo. This case can be reduced to the situation above by using
the method of diagonal sequences, see e.g. [9, p. 133]. Choose an strictly
increasing sequence (75)52; with lim; .o, Tj = oo and let (v;) denote a sequence
of approximate solutions in [0,00) x Q as in Lemma 2.3. For 7' = T} we find a
subsequence (v,ﬁl)) of (vx) with the properties (2.15), (2.17), (2.21) - (2.23) and
obtain a solution v in [0, 7}) x 2. Then we choose a subsequence (v,(f)) of (v,(:))
to obtain a solution v® in [0, T3) x 2 such that v(? { 0m = v, Proceeding in this

way and finally choosing the diagonal sequence of the sequences (v,(cj )), J €N,

we get by passing to the limit a global in time weak solution v of the perturbed

Navier-Stokes system (2.1), such that U‘[o Ty v, j € N. Obviously v =u — E
g

satisfies the energy inequality (1.13) and the energy estimate (1.15) in [0, c0).
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Now the proof of Theorem 1.3 is complete. [ ]

Proof of Corollary 1.4 Let the boundary data g € W%’Q(ﬁQ) satisfy the flux con-
dition (1.16). Then a classical result [11] yields for any £ > 0 a solenoidal vector
field E. € W2(Q) such that Eg‘m: 9, |1 Ecllz < cllgll,,, c=c(e,0) >0,

and such that the trilinear form

%,2(89)7

b(u,v,w) = /Qu Vv -wdr, wu,v,we WH2(Q),
satisfies the estimate
b(v, E.,v)| < || Vo3, v e Wy ().
To apply Theorem 1.3 let Fy := —VE. € L*(Q) such that
IBblla < €l 35 g

We use the strong energy inequality (1.14) with s =0 forv =u— E, E = E,, in
the form

1 t 1 t t
SN+ [ Ivelgar < w3~ [ (F~Fo- BB Voadr— [ b, Bv)dr
0 0 0
and get by the estimate of b with ¢ = 1 for any finite 7" € (0,7 the inequality
Lo 2 1 2 1 2
5”“”2,00;0,? + HVUH2,2;0,T/ < §HUOH2 + ZHVUsz;o,T'
T/
+ [* (P = il + 123) IV dr

A further application of Young’s inequality and the above estimate of Fy imply
(1.17). n
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