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1. Introduction

The simplest, most elementary proofs of the existence of solutions of the
Navier-Stokes equations are given via Galerkin approximation. The core of such
proofs lies in obtaining estimates for the approximations from which one can infer
their convergence (or at least the convergence of a subsequence of the approximations)
as well as some degree of regularity of the resulting solution. The first to use
this approach was Hopf [ 5], who based an existence theorem for the initial boundary
value problem on an energy estimate for Galerkin approximations. However, based on
this single estimate, Hopf's theorem provides very little regularity of the solution,
in fact, insufficient regularity to prove the solution's uniqueness if the domain
is three-dimensional. To remedy this situation, Kiselev and Ladyzhenskaya [7 ]
introduced a second estimate for the approximations which yields enough further
regularity for a uniqueness theorem. As is well known, this second estimate holds
only locally in time unless the data are small or the domain is two-dimensional, a
circumstance which has stimulated much speculation over the question of "unique
solvability in the large". On the other hand, even during the time interval for
which it holds, the estimate of Kiselev and Ladyzhenskaya provides far less than

the full classical regularity of the solution.

An interesting varient of the Galerkin method, yielding a somewhat more regular
solution, under weaker assumptions on the data, has been given by Prodi [11]. Prodi's
existence theorem is based on an estimate, entirely different from those of Hopf
and of Kiselev and Ladyzhenskaya, which is available when eigenfunctions of the
Stokes operator are used as a basis for the approximations. This estimate is some-
what less elementary than those of Hopf and of Kiselev and Ladyzhenskaya, as it
requires an Lz—theory of regularity for the steady Stokes equations. Still, like
the estimate of Kiselev and Ladyzhenskaya, Prodi's holds only locally in time and
yields only a generalized solution. Until now, the classical regularity of such
generalized solutions has been proved only by resort to entirely different and more
complicated methods, methods which have invariably depended on potential theoretic

fesults for the Stokes equations. In this regard, we cite particularly the important
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contributions of Ito [ 6], Fujita and Kato [ 31, Ladyzhenskaya [8,9], and Solonnikov
[15,16].

The main point of the present paper is to show how the Galerkin approach to
existence theorems can be pushed further, through additional estimates, to give the
classical regularity of the solution directly and easily, with minimal reliance on
the regularity theory for the Stokes equations. In fact, the only result which will
be needed concerning the regularity of solutions of the Stokes equations is the L2—
estimate of the second derivatives of stationary solutions, which is already needed
for Prodi's estimate of the Galerkin approximations, and which has been recently
proved in a relatively simple way, independently of potential theory, by Solonnikov

and $&adilov [17].

Qur procedure begins with the introduction of two infinite sequences of differ-
ential inequalities for the Galerkin approximations. Integration of the first in-
equality of one sequence, over a time interval [0,T), gives Prodi's estimate.
Integration of the first two inequalities of the other sequence, over [0,T), gives,
respectively, the estimates of Hopf and of Kiselev and Ladyzhenskaya. To proceed
further, with the integration of the succeeding inequalities, it is necessary to
work with both sequences simultaneously, using recursively the estimates obtained
by integrating the inequalities of one sequence to linearize and integrate those of
the other. To avoid the necessity of compatibility conditions for the data, which
for the Navier-Stokes equations are of a very complicated non-local nature, these
subsequent differential inequalities are integrated over time intervals [e&,T), with
€ > 0. For this, it is necessary to obtain "initial estimates'" at t=¢, which
we do utilizing yet another sequence of identitigs and inequalities for the Galerkin

approximations.

Combining these estimates for the Galerkin approximations, one can infer the
existence of a solution u ¢ Cm(O,T; W; () n Lm(O,T’ ;wéz(ﬂ)) , where § is the
spatial domain and T' 4is any number less than T. With this degree of regularity
in hand, the solution's classical regularity follows by a standard argument, which

is again based on only an Lz—estimate for the steady Stokes equations.

Although the procedure just described is simple, we will not attempt to give
all the details here. The details are given in [4 ], along with a number of exten-
sions and related results. One extension is the existence theorem, for classical
solutions, in the case of unbounded three-~dimensional domains with possibly non-~
compact boundaries. For such domains the result is.new. Also in [4 ], the local
existence theorem is proved for imnitial velocities merely required to possess a
finite Dirichlet integral. This result is new in the case of unbounded domains,
where, unless Poincaré's inequality holds, the initial velocity need not belong to
LZ . One of the related topics studied in [4 ] is the decay of solutioms, in un-

bounded domains, as t-« . If the initial velocity is square-summable and the



237

forces and boundary values are homogeneous, the decay is shown to be of order cF.

The proof of this is outlined in the final part of the present paper.

2. Galerkin Approximations

Let Q¢ R3 be a bounded domain with boundary 32 of class C3. We consider

the initial boundary value problem

u +tuVu o= -Vp + Au (1a}
Veuw o= 0 (1b)
u(x,0) = uo(x) (1e)

u| = 0 (1d)
EEY)

for the vector velocity u(x,t) and scalar pressure p(x,t) of a viscous incom-
pressible fluid. The problem has been normalized so that the density and viscosity
are equal to one. It is required that the equations (la), (1b) should be satisfied
in a space-time cylinder § x (0,T) . The initial velocity is u For simplicity,
we have taken the external force and boundary values to be homogeneous; inhomogeneous
boundary values and forces are considered in [4]. We call u,p a classical
solution of problem (1) if wu e¢ C(R = [0,T)) , if ug, Yu, Au, Vp € C(2% (0,T)) and

if the conditions of the problem are satisfied continuously.

Employing the Galerkin method, we consider approximate solutions
n
et = ) e (08
k=1 ¢

developed in terms of a system of functions {ak} which is complete in the space
J:(Q) of divergence-free vector-valued functions from %;(Q) . A special choice
of the functions {aX} will be made shortly, but for now they are merely taken to
be smooth and orthonormal in Lz(Q). The coefficients ckn(t) are determined by

the system of ordinary differential equations

@l ah - @ty - -towah @

2 =1,...,n, with initial conditions ckn(O) = (a ,uo) . Here, {(¢,¥) denotes the

k
L2 inner product IQ¢'W dx .

Hopf's energy identity for the Galerkin approximations is obtained by multiply-

ing (2) by an(t)’ summing 22~1, and integrating several terms by parts, noting

in particular that ICTR ,u™ = 0. The result is

1 4d 2 2
[t I (v

ETs (3)

]
o
-
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where ||-H denotes the sznorm.

Clearly, if u € LZ(Q) , one has a bound for the initial values

n
Ha™ @Il < llugll s

which is uniform n. Hence (3) can be integrated from 0 to t, yielding the

energy estimate
t

Lo )2+ [ el e < Lol @
0

on which Hopf's existence theorem is based.

Kiselev and Ladyzhenskaya's estimate is based on an identity found by differ—
entiating (2) with respect to t, multiplying by d/dt Con summing, and integra-

ting several terms by parts. The result is

2 2
LAY+ Rl = -l .

The right side of (5) can be estimated by using successively H6lder's inequality,
Sobolev's inequality, Young's inequality, and the inequality |]VunH §_||unlﬁ||u?|h
which follows from (3):

[l w Dl < 9P e
N N R T
< ellml i e s L eat
< el PR+ 2wy
Here, [l-“p denotes the LP-norm. Using this estimate for its right side, (5)
becomes
ENN Y R T RPN [ PLTR ©

To obtain estimates for the Galerkin approximations by integrating (6), one

needs a bound for the initial values 1Iu:(O)II, which is uniform in n. Using (2)

one obtains
lag @1l < 2™ @[l + [[6"©@) " @] - ¢

Here, A = PA, where P is the orthogonal projection of LZ(Q) onto its subspace
J(Q) , formed by completing the set of solenoidal test functions. A bound for the

right side of (7) is found almost trivially if ug € Jl*(Q) n wf(n) , provided
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the functions {ak} are chosen so that a’ = uO/{luOI{. However, we shall need to
choose the {ak} differently, as eigenfunctions of the Stokes operator A In
this case, a bound of the form 2H5u0|| + cHVuOIF + cHVuOH3 is obtained for the
right side of (7) using the inequality (18), below, and the orthogonality of the
eigenfunctions {ak} in the inner-products (V¢,Vy) and (A4,5¢). It follows, if

*
u € 31 o n W;(Q) , that by integrating (6) one obtains estimates of the form

£ 2
2@l [l e, Intol < oo, ®)
0
2
for t in some interval [0,T). Here, the inequality HVun|| < Huo||‘HuJW| has
been used again, in a final step, to get the estimate for {]Vun(t)||. The estimates

(8) are the ones on which the existence theorem of Kiselev and Ladyzhenskaya is
based.
Prodi's estimate for the Galerkin approximations is based on the identity
2 . 2 .
LA loa®” + AP = @ewd®, 2™, (9)
2 dt
which holds, simultaneously with (3} and (5), if the basis functions {ak} are

taken to be the eigenfunctions of the eigenvalue problem

-Aa = da+9Yp, x e (10a)
vVea = 0, xe€Q (10b)
a) = 0 . (10¢)

an

It follows from the regularity theory for the Stokes equations, discussed below,
~ k
that the eigenfunctions ak belong to w;(g), so that one can write Aak = —Xka .
where Ak is the kth eigenvalue. Thus, multiplying (2) by Xl and summing
n
ZQ=1, one obtains

(Uf s - &un) + (ad” ,gun) = (un-Vun ,Eun)

and hence (9).
The regularity theory needed above, and again below, consists of Lz—estimates

of the general form

2
12l < ellellgnge + ellmullyoge + ellullyyg, av
for solutions of Stokes' problem:
Au = VUp-f, xeQ (12a)
Jou = 0, xe (12p)

UI = 0. (12¢)
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Here, G" and G' are bounded open subsets of R3 , with G c G', and HDZu”2 E
Z;ij=l||32u/8xiax_|§2. For a simple proof of the "interior estimate", i.e., the case
G' ¢ @, see Ladyzhenskaya [ 9,p.38]. For a relatively simple proof of the
"estimate up to the boundary', i.e., the case that G" n 90 is nonempty, see
Solonnikov and $&adilov [17]. For a potential theoretic proof, giving general

Lp—estimates, see Cattabriga [1].

To estimate the right side of (9) we shall need several consequences of (11).

If Q@ 1is a bounded domain, the global estimate

D%l < eClldu]l + fIwal) s (13)

for solutions of (12), follows almost immediately from (ll), setting -f = bu .
Using a slightly refined version of (11), we have also proved (13) for unbounded
domains, even those with noncompact boundaries; see [ 4 ]. Of course, if Q 1is
unbounded, we require u(x) = 0 as |x| > » _ in a generalized sense. Using, in
addition to (13), the Sobolev inequality ||¢H3 < CHV¢H%lIl¢H% for ¢ € C:(R3) ,
and estimates for the Sobolev norms of a function continued beyond its original

domain of definition, one can show solutions of (12) satisfy
~ % %
vally < cdlul®-llvall® + llvalD. (14)

This inequality, like (13), is valid for general unbounded domains; see [ 4 ].

The right side of (9) can now be estimated using successively Holder's
inequality, Sobolev's inequality ||¢H6 < |Ive]l, the inequality (14), and Young's

inequality:

|(u‘Vu, 5u)|

| A

lullg-fivally- lfaull

cllvull Bl E- [[vall® + fvall) l|dulf

| A

| A

4 6 1~ 12
cllvall® + e flvull” + Fllau]l” .
Thus we have

2 - 2 4 6
L oall® + al)” < elml e (15)

Also, if u, € Jl*(Q) , we have a bound for the initial values,
lvu®c) | < v ll ,

because of the orthogonality of the eigenfunctions {ak} in the inner product

(V4,Vy). Hence, (15) can be integrated, yielding estimates of the form
t 2
el [ IR e < ro 16)
4}
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for t in some interval {0,T).

An estimate for uél is obtained by noting (2) implies

2 -
o7 = (A" 0y - @™, 0l an

so that, using (14),

]

A

Hou™ Il + "l - 9]l

131+ ellva®ll- Claa | ®-Ilou ¥+ oD

A

~ 2
< 2lldl] + cllw) + ellmt) (18)
and hence, using (16),
- 2 -
f flu, Ml dr < F(e) (19)
0

for t e [0,T). The estimates (16) and (19) are the ones on which Prodi's existence
theorem in [11] is based. Here, we have derived them in a manner independent of

the “size"” of either § or 80 . These estimates, that is, the functions F and
F o, depend only on HVu H and the regularity of 32 . In contrast, the estimates
(8) depend on I{uoEl, Hvuo]i and {{Dzuol[ , but are independent of the regularity

of 30 .

To obtain a classical solution, we need estimates of the solution's higher

order derivatives. We work first to establish the regularity of u with respect

to t , more precisely, to show u ¢ Cm(O,T; w;(n)) by obtaining estimates

t
oSl f ||£Dtku“!|2dr < R (e, (20.K)
€

for k=0,1,2,..., and 0<eg<t<T. To this end, we write down three infinite
sequences of identities for the Galerkin approximations (for brevity, the super-

scripts n are omitted):

1d 2 T o2 -

>3t ”VuH + “Au” = (u*Vu, Au) (21.0)

1 d 2 - 2 ~ >

Ty uVutH + HAut” = (ut'Vu ,Aut) + (u'Vut ,Aut) (21.1)

1 4d 2 - 2 ¥ - N

7 e Hvuttﬂ + “Autt” = (u, Vs, du )+ 2(u Vu cBu )+ (uVa o, Bu)
(21.2)

ete.

”utllz = (Au,ut) - (uvu,u) (22.1)
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2 -
lu g7 = Gu su ) - @evu,u ) - Wia ,u) (22.2)
2 = A . p— - - -
lluttt” = Qupsug) = Quervun e - 20V s ) - (e Vs u )
etc. (22.3)
1 d 2 2 ,
EFT ”utH + ”VutH = - \ut'Vu, ut) (23.1)
1 d 2 2
5 dc Hutt“ + NVUtt“ = - (utt'Vu ’utt) - 2(ut'vut, utt) (23.2)
1d 2 2 ) )
7 dt “u:ttH * nvutttH = 7 (U, Uy T 3 Ve Uppe)
- 3(ut'Vutt, uttt) (23.3)
etc

Notice, we have already derived the leading identity of each sequence; (21.0) is just
(9), (22.1) is (17), and (23.1) is (5). The succeeding identities are derived simi-

larly, first differentiating (2) an appropriate number of times with respect to ¢t .

Our basic plan now is to estimate the right sides of the identities (21.k),
k=20,1,2,..., and integrate them with respect to t , obtaining the estimates (20.k).
We have already done this for k = 0 . To proceed, one thing which must be done, in
order to be able to integrate each identity up to the same right limit T as (21.0),
is to estimate the right side of (21.k), k = 1,2, 3,..., in such a way that it becomes
a linear differential inequality when the estimates (20.%), & = 0,1, ..., k-1, are
taken into account. This is easily done using the inequalities sup9|u[ < C(H5u|| +
valy,  lvally < c(|lsufl + ljwul]) and llully < cllvull, which are derived from (13)
and varjous Sobolev inequalities. For instance, for the right side of (21.1) we

have

|Cap9us Bu) + Carvug s du) | < fullg I9slly 3w 1] + supglul - 9u, ]+ Ile |
< edllzall® + el B llva, 1% + Sllde )17,
so that (21.1) becomes
S loa 117+ 113w 1% < @l + floall® flva )1® en)

The right sides of (21.k), k > 2, are estimated similarly; we omit the details.

Finally, we must find estimates, independent of n , for the "initial values" of
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”VDtunll. This presents a rather severe difficulty; it is to deal with it that we
have introduced the identities (22.k) and (23.k), k = 1,2, ... . The difficulty is
that for initial values u, € J;(Q), or even for u € D(R) , one must generally
expect, for the solution u , that [|Vut(t)]| >o as t- 0" , and hence, for the
Galerkin approximations u® , that HVuéVO)H > © a8 n> e« ., To see this, suppose
u € D{a) , i.e., u_ € C:(Q) and V-uO = 0 . Then conditions (1) imply 4p =
—V'(uO-Vuo) and Vp]aQ =0, at t = 0 . This is an overdetermined Neumann problem
for the initial pressure. In general, the tangential components of Vp will not
vanish on 30 at t =0 , and yet, initially, u, = Vp Jna neighborhood of 30,

if u e D(Q) . Thus, one can not expect lim+ ut(t) € Wz{Q} . The compatibility
t+0
condition which would be needed is a non-local one, expressible as an integral

identity involving the Neumann function, and virtually uncheckable in practice.

Instead of imposing such conditions on the initial velocity, we use (22.k) and
(23.%) to obtain estimates for I|VDiun(e)||, at arbitrarily small values of e . For
this, we only need to assume u € Jlf(Q) . The procedure is as follows. First,
(21.0) is integrated giving (20.0), that is, (15) is integrated giving (16), which
we have already done. Then, (22.1), i.e., (18), is integrated giving (19), which
we have already done. Now, from (19), we see that for every € > 0 and every posi-

tive integer n , there exists a number T 0 < Tn < ¢ , such that
o2 ) |1% < Fee)/e. (25)
t'n el

Also, the right side of (23.1) can be estimated, using part of the derivation of (6},
giving

a2+ Jlwall)?

I < el al? (26)

which is a linear differential inequality when (20.0) is taken into account. Thus,

using (25), we can integrate (26) over the interval [t _,t], obtaining
g 4 a

t t
[Imditas < [ peatie < oo @7
€ T
n
for € <t <T . Now, from (27), we see that for every € > 0 and every positive

integer n , there exists a number o, € < Un < 2¢ , such that
n 2
||vUt(on) N° < G(2e;e)/e . (28)

This provides the estimate of the "initial values" needed for integrating (21.1), or

rather the corresponding differential inequality (24). Integrating (24) over
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[On,t], one obtains estimates of the form
t
vy || 2 llau®||%ar < F (t320) (29)
t ’ t T ’
2e

for 2e¢ < t < T , This is just (20.1).

We have come full cycle. One can continue by integrating (22.2), using (20.1),
n
tt a
(23.2) to obtain estimates of I!Vutt(ﬁn)l‘, with 3¢ < GQ < 4e . And then, one can

to obtain estimates of |lu (pn)H, with 2¢ < oL c 3 . Then, one can integrate

integrate (21.2) obtaining (20.2), etc., etc.. The full argument is given by induc-

tion in [ 4].

To prove the continuous assumption of the initial values, one last estimate for
2

the Galerkin approximations will be needed. We derive it here assuming LR € WZ(R),
though the condition u € LZ(Q) is not necessary; see [ 4 ]. Multiplying (2) by

Al and summing, we obtain

(Aun ,Aun) = (uz ,Aun) + (un‘Vun ’Zun),
and hence, using (l4) as in the derivation of (18),
I

Bl < 2flutll + ellm®l? + effma)” (30)

Thus, (8) and (16) imply

e )]l < & , (31)

for t ¢ [0,T'], for some T' >0 .

3. Passage from the Approximations to a Classical Solution

Using only the estimates (16) and (19), one can show the Galerkin approximations
converge to a generalized solution u € Lm(O,T'; Jl*(Q)) with us Diu, Vp €
LZ(O,T';LZ(Q)), for 0 < T' < T . Here, we only need the convergence of a subsequence
of the approximations, which is proved by a compactness argument in [ 4 ]; in fact, the
whole sequence of approximations is known to converge; see Rautmann [12,13] and Foias
[2]. Using (13) and Sobolev's inequality, the estimates (20.k) imply u ¢
Cw(D,T;Wg(Q)) . It follows, of course, that u ¢ ¢ x (0,T)) . 1In passing to the
1limit on the basis of estimates (16) and (19), the solution is only shown to satisfy
the initial condition in a generalized sense: u(t) +~uo in %;(Q), as t > O+.

However, the estimate (31) implies u ¢ Lw(O,T';Wg(Q)), and hence that wu(t) - ug
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2
weakly in WZ(Q). So, from the compactness of the imbedding WE(Q) < ¢y, it fol-
lows that u(;,t) > uo(x) continuously as (x,t) » (x,0). Thus u € c(@ x {0,T)),
. 2
if u e WZ(Q).
We noted above, the estimates (20.k) imply u ¢ Cm(O,T;wg(Q)) . To establish

further interior regularity with respect to the spatial variables, one observes, for

any fixed t, and for k=0,1,2,..., that Diu is a solution of (12), with force
Kl % ks 8
£ = -D, u- J (D Cw)v(duw) .
k t t t
8=0
From the known regularity of u, it is clear fk € Cw(O,T;W;(Q)) . Thus, viewing
1

DXDiu as a solution of (12a), (12b) with force Difk € Cm(O,T;LZ(Q)) , the interior
estimate (11) implies u € Cm(O,T;Wg(G)) , for every G cc Q , i.e., for every
bounded set G with closure G ¢ © . This, in turn, implies fk € Cw(O,T;WE(G)), for
every G cc 2 . And thus, viewing DiDtu as a solution of (12a), (12b) with force
Difk € Cm(O,T;LZ(Q)), (11) implies wu ¢ Cm(O,T;Wg(G)), for every G cc @ . By in-
duction, one sees u € Cm(O,T;Wg(G)), for every G cc @, and for £ =3, 4, ....

Tt follows that u ¢ C (2 x (0,T)).

4. Decay, as t =+ « . in Unbounded Domains

Using Poincaré's inequality, i.e., the inequality [|¢]] iACQHvéil for ¢e gé(ﬁ),

once can show the Galerkin approximations of section 2 decay exponentially as t - =,

More precisely, there exists a number T* dependent on CQ and l|uo||, such that
for every vy < Caz, one obtains an estimate of the form
suplun(x,t)l < C(HAun(t)H + “Vun(t)ﬂ) < Ce‘Yt, (32)

xefl

for t 3_T*. From this follows the global existence and exponential decay of the
classical solution constructed in section 3, provided T* < T, with T as in either
(8) or (16). One can show T* < T under various hypotheses, for instance, if
”uo”Wl(Q) and CQ are sufficiently small. In general, if T* > T, one still has the
global”existence of Hopf's generalized solution, and its classical regularity can be
proved for t ¢ (0,T) u (T*,m). During the interval [T,T*], it is classical, except
perhaps, for values of t belonging to a set of t-measure zero, whose complement
consists of intervals. These results for bounded domains are rather standard, see

[ 4,14}, Instead of giving the details, we will describe some analogous results for

unbounded domains.

All the estimates given in section 2 are independent of the size of O and 30,
though some of them depend on the C3-regularity of 3. This makes possible the

construction of a solution of problem (1) in any three-dimensional domain with
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uniformly C3 boundary, by considering an expanding sequence of subdomains. All the
estimates of section 2 remain valid for the eventual solution. Also, assuming uo €

Jl(ﬂ), the solution which is constructed belongs to Jl(Q), for almost every t.

Of course, the estimate (32) generally fails in unbounded domains. Still, an
explicit estimate for the solution's rate of decay can be obtained from the energy

estimate (4) and the differential inequality (15), i.e., from

o

[ Iveniae < 3o i® = e, (9
and
Lwl? < el + et lnt®. (34)

If ”Vun(t) H were known to be monotonically decreasing, (33) would clearly imply
”VUn(t) H2 < Eot-1 . In fact, (34) implies such a slow rate of growth of ||VunH,

when ”Vunll is small, that one gets a similar result for large t , namely

vl < uee < |SREEXD LY .5
- ¢+ E

for t > c'Ezexp(cE+1) > T*. Here ¢ and c¢' are the same as in (34). This esti-~
mate is proved by comparison with solutions of the differential equation ¢' = aq>2,
which are of the form ¢ = aul(to— t}-l. It is easily checked that if such a function
¢ 1is defined for t ¢ [0,t] and satisfies chbdt < E, then ¢(1) < (expaE~-1)/at.
The more complicated form of the estimate (35) is due to the presence of the term
c'||Vun||6 in (34); the details are given in [4]. Once (35) is proven, (15) can be

integrated to give

o«

J'”:Eun]!zdr < Ct_l,

t
for t > T , Then,integration of (18) gives
-1
[t < et
€ =
t
*
for t > T . Since (6) is a differential inequality of the form ¢' < a¢2 , this
implies
[PHONEERICE (36)

*
for £t >T + &8, for any & > 0. The estimates {35) and (36), together with (30),
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imply

oo f)? < c et (37)

*
for £ >T + 8. Finally, (35) and (37) imply

~ -4
suplulx,t)] < c(llad™] + H?unu) < et ‘<, (38)
xeQ
*
for t >T + §. This estimate is a variant of one proved by Masuda [10] for exterior

domains. Masuda's estimate is based essentially on (6) rather than (15); while it
gives a slower rate of decay, it remains valid in the case of nonhomogeneous boundary

values.

The relation between the estimates (16) and (35) is shown in Figure 1. For every

n, ”Vun(t)ll2 would be represented by a smooth curve defined for all t > 0 and
*
bounded by the graphs of F(t) and H(t). T depends on HVuO|L and T on |[u0H.

1 ]
24 i §
foull i i
i 1
i 1
i [
F(t) ; I
' i
! ;
! i
: i
§ i
: 1
i’vuoll ! :
' )
. ! S
+ " > .
(liva ) Tl D
Figure 1. Estimates (16) and (35) for the Galerkin approximations.
If T j_T*, we lack a bound for HVun(t)“, uniform in n, on the interval [T,T*];

so, during this time interval, the regularity of solutions constructed from the

*
Galerkin approximations may break down. If T < T, there is only one solution and
it is regular in the classical sense for all t > 0. It is shown in [4 ] that

*
T <7T, if, for some number B8,

log(8/[|vu_ 1%

12 <
— c+ c'B

7l



10.

11.

12.

13.

14,

15.

16.

17.

248

REFERENCES

L. Cattabriga, Su un problema al contorno relativo al sistema di equazioni di
Stokes, Rend. Sem. Mat. Univ. Padova 31 (1961), 308-340.

C. Foias, Statistical study of the Navier-Stokes equations I, Rend. Sem. Math,
Un. Padova 48 (1973), 219-348.

H. Fujita and T. Kato, On the Navier-Stokes initial value problem, I, Arch.
Rational Mech. Anal. 16 (1964), 269-315.

J.G. Heywood, The Navier-Stokes equations: on the existence, regularity and
decay of solutions, (to appear) Preprint, June 1978,

E. Hopf, Uber die Anfangswertaufgabe fur die hydrodynamischen Grundgleichungen,
Math. Nachr. 4 (1951), 213-231,

S. Ito, The existence and the uniqueness of regular solution of nonstationary
Navier-Stokes equation, J. Fac. Sci. Univ. Tokyo Sect. I A, 9 (1961), 103-140.

A.A. Kiselev and 0.A. Ladyzhenskaya, On the existence and uniqueness of the
solution of the nonstationary problem for a viscous incompressible fluid, Izv.
Akad. Nauk SSSR Ser. Mat. 21 (1957), 655-680.

0.A. Ladyzhenskaya, On the classicality of generalized solutions of the general
nonlinear nonstationary Navier-Stokes equations, Trudy Mat. Inst. Steklov 92
(1966), 100-115.

0.A. Ladyzhenskaya, The mathematical theory of viscous inecompressible flow,
Second Edition, Gordon and Breach, New York, 1969.

K. Masuda, On the stability of incompressible viscous fluid motions past objects,
J. Math. Soc. Japan 27 (1975), 294-327.

G. Prodi, Teoremi di tipo locale per il sistema di Navier-Stokes e stabilitd
delle soluzione stazionarie, Rend. Sem. Mat. Univ. Padova 32 (1962), 374-397.

R. Rautmann, Eine Fehlerschranke fiir Galerkinapproximationen lokaler Navier-
Stokes-Ldsungen, in: Int. Schriftenreihe zur num. Math. Bd. 48, Basel 1979.

R. Rautmann, On the comvergence-rate of nonstationary Navier-Stokes approxi-
mations (these proceedings).

M. Shinbrot and S. Kaniel, The initial value problem for the Navier-Stokes
equations, Arch. Rational Mech. Anal. 21 (1966), 270-285.

V.A. Solonnikov, Estimates of solutions of nonstationary linearized systems of
Navier-Stokes equations, Trudy Mat. Inst. Steklov 70 (1964), 213-317, Amer.
Math. Soc. Transl. 75 (1968), 1-116.

V.A. Solonnikov, On differential properties of the solutions of the first
boundary-value problem for nonstationary systems of Navier-Stokes equations,
Trudy Mat. Inst. Steklov 73 (1964), 221-291.

V.A. Solonnikov and V.E. §&adilov, On a boundary value problem for a stationary
system of Navier-Stokes equations, Trudy Mat. Inst. Steklov 125 (1973), 196-210;
Proc. Seklov Inst. Math. 125 (1973), 186-199.



